
THE VALUE OF THE NUMBER g(k) IN
WARING'S PROBLEM*

BY

R. D. JAMESt

1. Introduction. The number g(k) is defined to be such that (a) every

integer is a sum of g(k) &th powers ^ 0 ; (b) there is at least one integer which

is not a sum of g(k) — 1 ¿th powers = 0. It is well known that g(2) = 4, g(3) = 9,

but the exact value of g(k) is not known when k ^ 4.

The number G(k) is defined to be such that every integer >C = C(k) is a

sum of G(k) ¿th powers ^0. Hardy and Littlewoodf have proved that

G(k) £(k- 2)2*-2 + k + 5 + f»,

where
,-(* - 2) log 2 - log * + log (* - 2)"-F

log k - log (k - 1) J

In this paper we obtain a similar bound for g(k) when k^6. We shaU

prove the

Theorem. Let L be a number >kk such that every integer ^L is a sum of

s3 kth powers ^0. Let

D= (d+ 2)(k - 1) - 2*H + 1/10,    d = [log (k - l)/log 2];

3 log k + log 20 - log (log L - k log k)
E = s3 H-;

log A - log ik - 1)

F = log 2(log A - log ik - l))-1;    H = ik - 2)2*~2 + A;

g = 2 + 52 = 6 + f»;    2? = (1 + (1 - a)"-2)¿2*~2 - £>Ç.
Then

(1)
g(A) ̂  [J(ff + FZ? + Q + E+((H+ FD + Q - E)2

+ 4F(ED + R))112)] + 1.

The method of proof is as follows: We determine the constants as they

occur at each step of the Hardy-Littlewood analysis as functions of k, s, and

* Presented to the Society, March 18, 1933; received by the editors March 20,1933.

f National Research Fellow.

X G. H. Hardy and J. E. Littlewood, Some problems ofpartitio numerorum" (VI): Further re-

searches in Waring's problem, Mathematische Zeitschrift, vol. 23 (1925), pp. 1-37. See also E. Landau,

Vorlesungen über Zahlentheorie, vol. 1, part 6 (referred to as L), and M. Gelbcke, Zum Waringschen

Problem, Mathematische Annalen, vol. 105 (1931), pp. 637-652 (referred to as G).
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í, where « is a small positive number. In this way we conclude that every

integer >Cik, s, e) is a sum of 5 ßth powers ^0 when sTzgiik, e) (Theorem

46). Then, using a theorem proved by L. E. Dickson,* we show that every

integer g Cik, s, e) is a sum of 5 ¿th powers = 0 when s*tg2ik, e) (Theorem

50). We choose e as a function of k so that giik, e(ß)) =g2{k, e(&)) and then

g(k)ègiik,eik))=g2ik,eik)).

In Theorem 48 we give a general method for the determination of L

and s3 and prove that

st < 2* +
{t)' + <®+ <$ + <?)'

+
H2k + 7)

- 9

when L = ik +1) k-kk>kk. It then follows from (1) that

^- «(*)
lim

k2*
a*.

For particular values of k we may obtain better values of L and s3. For

example, since 25-28 = 6400, 38 = 6561, 26-28 = 6656, every integer from 6400

to 6656 is a sum of 185 8th powers=0. Repeated application of Theorem 47

yields the result that every integer from 1 to 10713'7 is a sum of 279 8th

powers = 0. With F = 10713-7, s3 = 279, we get g(8)g622. Again, since 25-28

+9-38 = 65449, 48 = 65536, 10-38 = 65610, 26-28+9-38 = 65705, every in-

teger from 65449 to 65705 is a sum of 120 8th powers = 0 and this gives

Z, = 10'.92o,oooj 5a = 279, giS) =595. It is obvious that the larger we can make

L for a given s3 the better will be the resulting bound for gik). In the table

below we summarize the known results for gik) and Gik) when 6g¿ = 10.

The first line gives the bounds for gik) obtained by algebraic methods sepa-

rately for each k; the second gives the bounds obtained by the methods of

this paper; the third gives the bounds for Gik) obtained by the Hardy-

Li ttlewood method; and the fourth gives the lower bounds for gik).

10

G(*)á

478

183

87

73

3806

322

193

143

31353

595

425

279

1177

949

548

140004

2421

2113

1079

* L. E. Dickson, Proof of a Waring theorem on fifth powers, Bulletin of the American Mathe-

matical Society, vol. 37 (1931), pp. 549-553.
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The numbers in the last line are probably the exact values of g(k). In

order to prove g(10) = 1079, for example, it would be necessary to prove some

inequality like G(10) ^700. On the basis of an unproved hypothesis, Hardy

and Little wood (loc. cit.) have shown that G (10) would be g 21. It seems

likely, then, that a far less drastic assumption would be sufficient to prove

g(10) = 1079 and this assumption may be capable of proof.

The possibility of evaluating the constants of the Hardy-Littlewood

analysis was suggested by Professor L. E. Dickson. The case of fifth powers

was considered in the author's doctor's dissertation written under Professor

Dickson's direction at the University of Chicago.

2. Notation. We shall use the following notation throughout the paper.

Let

T(m) = the number of divisors of m;

ir(x) = the number of primes á x ;

â(x) = the sum of the logarithms of all primes ^x;

[x] = the greatest integer ^x;

{x} =min (x— [x], [x] + l—x);

M(p', n) — the number of solutions of the congruence2~^<=iÄ<*=» (mod p');

N(p', «) =the number of solutions of the same congruence in which not

every A, is divisible by p (primitive solutions) ;

k = a.ninteger^=6;a = l/k;K = 2k-1;A = l/K;

e, = a small positive number, i = l, 2, 3;?7i = l/ej, j = l, 2, 3;

s=[iH + il + il-a)'*-2)k2*-2ex)il-Dex)-1]+3;

(2) Í2=[((A-2)log2-logA+log(^-2))(log¿-log(¿-l))-1]+4;

X = 2J4 + (l-a)«-26i;

© = the highest power of a prime p which divides k ;

J®+2iîp = 2,
7   \<è+liîp>2; ?        '

(a, ¿») = the greatest common divisor of a and b ;

r = iiP-l)/ip-l))ik,p-l);
r(«) =ri,s(«) =the number of solutions of 2Dí=-iAí* = », Ai^O;

p=e2*«l*,(b,q)=l;

op=2j«-ip ;

A(q)=Ak.t(q,j)=q-'22pS'pp~',  where  p  ranges over  all  primitive

çth roots of unity;

Xp=22Í-o¿(P');
<z>(j,k,s,w)=22w9-xA(q);

f(x)=22T ***■
^p(x) = r(l+a¿-15p(l+^-i(a(a+l) • • • (a+j-l)/jl) (x/p)>);

<t>p(x) = T(l+a)q-lSl>22^n+x(a(a+l) ■ ■ ■ (a+j-l)/jl) (x/p)';
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*,(*) «*,(*) +<*>,(*) = r(l +a)g-15p(l -*/p)-;

W *(/') -'00 - (r*(l +a)/Tisa)) iTisa+j)/jl)®ij, k, s, »•).

The letters A, a, b, B, c, C are numbered in the same way as the correspond-

ing letters in paper L, while the letters G correspond to the C of paper G.

3. Preliminary theorems.  We shall not repeat the proof of a known

theorem if the constants involved are explicitly given in the original proof.

Theorem 1.* For every ex >0

Tim) à A {Hi*,
where

2»-(2,>i).(3/2)'r(<3/2>,»>-(4/3)'r(«/»>,,»> • • •

1 =  exp (ei(t?(2») +0((3/2)*) +0((4/3)*)+ ■••))'

Theorem 2. (L, Theorem 112.) For £^2,

«¿/log £ < x(Ö < «if/log £,

where 8ai ^ log 2 o»á aä á 7 log 2.

Since

[u]-2fo/2] <„-2(„/2- 1) = 2

and the left side is an integer, it follows that

(3) fo] - 2[,/2] = 1.

Let w = 2. For every prime /»g2» let/ denote the greatest integer such that

/>'£2« (i.e.,/= [log (2w)/log p]). We show first that

(4) n*
(2n)!

nlnl pÊ2n

The first part of (4) follows at once since every p for which n <p á 2» divides

(2«) ! but not « ! « !. Also, since the highest power of a prime p which divides x\

is

Z ix/P"]
lgmSlogi/Iotp

(see, for example, L, Theorem 27), the highest power of p which divides

(2«)!/(»!«!)is

¿ ([2«/>-] - 2 [»/>-]) =   ¿1=/
m—1 m—1

* S. Ramanujan, Highly composite numbers, Proceedings of the London Mathematical Society,

(2), vol. 14 (1915), p. 392.
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by (3). This proves the second part of (4). Next, the left side of (4) has

ir(2»)—7t(«) factors each>», and the right side has 7r(2«) factors each á 2».

Hence

WT(2„)-x(n)  <      JJ   p g A_^L g     JJ   pi g  (2»)'(»"),
n<pS2n »!«! p¿2n

(*-(2») - 7r(n))log » < log ((2») !/(»!»!)) ^ t(2») log (2»).

Therefore

iw{2n) - *(«)) log « < lQg((2j)) = log ( £(2W))= lQg 2ä" = 2« loS 2>

(5) t(2») - win) < 2(log 2)»/log n = aaw/log »;

and

x(2«) log (2») £ log((2*)) = log ( Ö -T^)

= log(n 2) = log 2- = n log 2,

x(2») è » log 2/log (2«) = « log 2/(log » + log 2)
(0)

è » log 2/(2 log «) = at w/log ».

From (6) when ?^4

*(¿) è *(2[$/2]) £ a4[i/2]/log [i/2] £ a4?/(41og{) = a^/logf.

When 2g£^4 we have

*(f) ^ 1 - ((log 2)/4)(4/log 2) ê (dog 2)/4)({/log {).■

Hence for aU £^2,
x(f) > «if/log {,

where 8ai è 8 min (a6, (log 2)/4) = 2a< = log 2. This proves the first inequaüty

of the theorem.

Now, since ij = 2+2(V2-l)<2+2[»//2] it follows from (5) When 17^8
that

win) - Tiv/2) = win) - wi[f,/2]) ^ 2 + t(2[,/2]) - t([*/2])

< 2 + a,[,/2]./log [n/2] < 2 4- a*,/(2 log (,/2 - 1))

= 2 + W(2(log (* - 2) - log 2))

= 2 + («, log V(2(log (q - 2) - log 2)))(n/log i,)

g (log 8/4)(8/log 8) + (a3 log 8/(2(log 6 - log 2)))(„/log „)

S ((log 8/4) + («, log 8/(2 log 3)))(if/log nh
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When 2 ̂  77 = 8 we have

it(v) - it(V/2) ^ 2 = (log 8)2/log 8 g (log 8)7j/log v-

Therefore for all y ̂ 2
it(i}) — it(r¡/2) ^ ai Vlog V

where a7 = max ((log 8/4) + (a3 log 8/(2 log 3)), log 8) =log 8. Then

it(r¡) log 7j - it(v/2) log (v/2) = iitiv) - itiv/2)) log r» + TÍv/2) log 2

< a7(log vhAog r, + ^(log 2)/2 = (a7 + (log 2)/2)ri = asV.

For £ = 2 we have

t({/2») log (£/2-) - 7^/2™«) log (Í/2-+1) < a8?/2»,

t(£) log £ =   ¿2 (*(f/2-) log (£/2~) - ,r(í/2"+i) log (í/2-*1))
m—0

co

< «s Z 0*/2m) = 2a»?;
m-=0

that is,
t(Í) < «2?/ log £,

where a2 = 2a8 = 2(a7+(log 2)/2) = 2 (log 8 +(log 2)/2) = 7 log 2.

Theorem 3* PFe have

&ix) < 6cx/5 + 3 log2 x + 8 log x + 5,

*(*) > ex - I2cxl'*/S - 3 log2 a/2 - 13 log a: - 15

a»Äerec = 21'2-31'3-51/6/301'30 = 0.92129

Theorem 4. (L, Theorem 264.) Let tbe an integer, m >0, z^O, and

l+m

S =     X) «*****•
h-l+l

Then

| S| * < 4* ( wx-' + m'"' ¿       min (m, 1/ ( zk Ihi ■ ■ ■ hu-i} ) ) •

Theorem 5. The number of solutions of the equation

(7) hxkt • • • **_! - V, O^hi^m,

is at most A2mn where A2=A}~2 and e2 is given by

e,(2) = 0;       ei(*) = (* - l)«i + e2(¿/2) + HÍk/2 + 1),      k even à 4;

e2(3) = 2éi;     «,(*) = (A - l)ei + 2«i((É + l)/2),    kodd^S.

* E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen, §22.
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(i) Let k = 2. Then hx=v has at most l=A\-2m°=A2mn{2) solutions,

(ii) Let k = 3. Then hxh2=v has at most Tiv) solutions since hx must divide v.

By Theorem 1,

Tiv) ^ AxV ^ 418-2*»2* = 42»»'j(3)

since v = hxh2^m2. (iii) Let ¿ be even^4 and assume that the theorem is true

for all integers<£. In equation (7) write

(9) hxh2 ■ ■ ■ A(i_2)/2 = vx,

(10) hk/2 ■ ■ ■ hk-x = v2.

There are at most ^*/2-2w«.(*/2) solutions of (9) and at most A*/2+i-2w«.(*/2+D

solutions of (10). The equation v = VxV2 has at most Tiv) solutions. Hence the

number of solutions of (7) is

^ Tiv) • Ai*/2-2»»«^*/!» -A^/»-i»,•«(*/*+»

g ^41o<i^4It-*»í«í(*/«+«i(*/s+i)

^ ^iw(*-1)Mi*-3iM«ä(*/2>+«2(*/2+1) = 42m«*<*>.

(iv) Let ¿ be odd = 5 and assume that the theorem is true for aU integers <k.

As in the proof of (iii) with

kxh2 • ■ ■ A(*_i)/2 = »i,

h(k+x)/2 • • • hk-x = v2,

the number of solutions of (7) is

s; r(i;)-^4i{*+1)/2-2»i<!!(l*+1)/2)-^li(*+x)/2_%«s<(*+1)/2)

g ^iw(*-1)i-^i*-3w2,2((*+1)/2> = A2m'^k\

Corollary. Letd= [log (k—l)/log 2]. Then

(11) et(é) = ((d + 2)ik - 1) - 2d+i)ii.

(i) Let k = 2 and hence d = 0. Then by Theorem 5

e,(2) - 0 - Hd + 2)ik - 1) - 2"+%.

(ii) Let k>2 and hence d>0. We have 2d+l ^k^2d+1. Assume that

(11) is true for aU integers <2d+l. If k is even and <2d+1 we have

2d~1+ 1 á k/2 á 2*- 1,

2<i-i + 2^(H 2)/2 á 2a.

By (8)
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etik) - (* - 1)îi + Hd + l)(*/2 - D - 2")îi + Hd + l)(*/2) - 2")ei

= Hd + 2)(* - 1) - 2«+1)ti.

If k = 2d+l we have /fe/2 = 2", (¿+4)/4 = 2'J-1 + l and

*(*) - ik - l)ei + i,(*/2) + «i(*/2 + 1)

= (* - l)6i + €i(*/2) + (*/2)€i + 2e,((* + 4)/4)

= (i - 1)íi + (id + l)(*/2 - 1) - 2")éi + 2rfÉi + 2((á + l)(*/4)-2-)«i

= ((á + 2)(* - 1) - 2*")«i-

If * is odd then 2<i-1+l ̂  (*+l)/2S¡ 2d and we have

c(i) = (* - l)*i + 2€,((* + l)/2)

= ik - l)«i + 2((d + 1)((* + l)/2 - 1) - 2-)íi

= Hd + 2)(k - 1) - 2"+>)íi.

Theorem 6. (L, Theorem 266.) Under the hypotheses of Theorem 4,

/ *im*-i \

\s\K<Cum"lmK-1 + mK-k     J2    min (w, 1/{ot}) J,

where Ci»"»4 A2.

In the summation in Theorem 4 write klhih% • • ■ kk-i = v. By Theorem 5

each v appears at most A 2m *• times. Hence

23       min(r», \/[zklhi • ■ • à*_i}) á ^jW»     2     min (m, l/{zt»}),
Al,"«, Afc— i«l »—I

|S|*<W«*-l + «*-MiW» ¿2   min (m, l/{z»})j

(Älm*-1 \

mK~l + mK~k 2   min (rw, l/{z»})J.

Theorem 7. Le¿ * è 1, b >0. Then for every e3 >0,

i + log a; ^ -43a:,s,

wAere .4 3 = l/(e3«1-6'»).

Consider the function

y = ib + log a;)*-«',        y' = (1 - £3(6 + log a:))«-1-'«,

y" --(«.+ «3(1 + e,)(i + log x))x~2-".
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We have y' = 0 when x=oo or i»+log x = l/e3. The second value gives a

maximum. Hence
max y = l/(t3el~b"),

b + log x ¿ x'3/it3e1-b") = Asx".

4. The singular series.  The series

© = ©(/, k,s,«>)=  22Mq)
J-l

is called the singular series. In this section we show that © =ITpXp and from

this that© >bi. We shall follow closely part 6, chapter 2, of paper L.

Theorem 8. (L, Theorem 293.) Letn = n0pßk+v^0, where ß^0,0^<r<k,

(«o, p) = 1. Let to = max (ßk+o+1, ßk+y). Then

(12) A(p') = 0 when t > t0,

¿-i
(13) xp = P1-N(P, 0) 22 í^*-*' + po^-ïP^'NiP, n/p»*),

a-0

wAere the summation is omitted if ß = 0.

Remark. This theorem shows that the terms of the series Xp =X)<-o^ (/»')

are all zero after a certain one. Also, since everything on the right side of (13)

is positive or zero it follows that Xp^O- If p\2kn we have 7 = 1, ß=a = 0,

to = l and thus Xp = 1+Á (p).

Theorem 9. (L, Theorem 301.) For s^r and every nféO (mod p),

N(P, n) > 0;

for s ^ r +1 a«á raery »,

N(P, «) > 0.

Corollary. For s ̂ r+1 a»¿ ecery »,— J        !

N(P, n) ^ P«-"-».

In the congruence

(14) Ai* + Ä2* + • • • + hi = « (mod /0

write «i = « — ä*+2— • • • —hs. By Theorem 9 the congruence

hf + hf + ■ ■ ■ + A*+i m n (mod P)

has at least one primitive solution. Since hT+2, • • • , h, may be chosen ar-

bitrarily mod P it follows that (14) has at least P«-*-1 primitive solutions.
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Theorem 10. (L, Theorem 302.) If k^5, s = 4¿, then

X,ZP-r-bip).

For*è5,

py - 1 / k \
r = --( —,   p- 1) ^ \

p - i \pe    r

k
(2e+2 _ i) _ < 4k, p = 2,

pe+i -lk p
-<-k < 2k, p > 2.

p - 1     /»e     p - i

Hence s^4& implies s^r+1 and from the Corollary to Theorem 9 we get

N(P, w)=P-'-1. By Theorem 8 either Xp=í'1_*A(P, n) (0 = 0) or x*

^pi-.NiP, 0) 05 >0). In both cases it follows that

xP =" pi-*P«-«-i = P-' = &(/>).

Theorem 11. (L, Theorem 307.) Ifq = p', p\k,2£t£k, then

&, - *M.

Theorem 12. (L, Theorem 311.) 7/g =/», then

15,| g (* - l)/>»2.

Theorem 13. (L, Theorem 313.) Let T, = q'-1Sp. Then if q = p; t>k,

Tp = T,p*.

Theorem 14. (L, Theorem 314.) Ifq = p*,f^\, then

,(  HfP> c33,

{ ct» 'always,

where Cts = k2k^k-2\cto = k.

If p = e2wib'p', ib, /»)■= 1 is a primitive p'th root of unity, then p"* ■»¿»«'V*

is a primitive /><_*th root of unity. Hence in view of Theorem 13 we may as-

sume \^t^k.

(i) If p\k, 2 ̂ ¿gk, then by Theorem 11

I T,\ = /»°'~'|5P|  = /»«"-»/»'-1 = /»"'-1 g 1.

(ii) If p\k, t = \, Theorem 12 gives

I T„\ = pa-l\S,\ < p°-\k - i)pu* < A/»»-1'2,

(iii) If p \k, then

|r,| = r'-<|5p| ^ p^-'-p' ^ pak = p¿ k.
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It follows from (i), (ii), and (iii) that | Tp | g 1 when p>max (k2ki(k~2\ k) =cu

and for all p we have | T„ | ̂ max (1, k, k) =k=c3t.

Theorem 15. (L, Theorem 315.) We have

| Tp\ < cxo and hence \SP\ < Cxtq1-*,

where log c1& = (k-l) log k+a2(k-2)k2k^k~^/(2k).

When (qx, qi) = 1 we have SPlP,=SPlSp, (L, Theorem 281). Therefore

IpiP, = (qiqiY^SpM = ?i0~l^(.i?2<,"1>Sps = TnTft.

For<7>1 writeq=px'lp2'' ■ ■ ■ p„ =Hpt". Then

|2%|- II|r«|- ni|^|-Il2|rP<|-iL|rp<|,

where Iii contains those p^ for which p, \k and Piúc3z, II2 contains those for

which /»4& and pi^c3S, and II3 contains those for which pi>c3S. By the proof

of Theorem 14 we have

ILI TPi\ <   n * á **"*;
pá*

n«irMi = n i-i;
P>C|S

ILI r„ | s   II kp°-u2,
pS<*8

log IT2 <    22 log k = t(c8») log £ < a2c38 log ¿/log c38   (Theorem 2)
pacas

= a2(k - 2)P*''<*-2>/(2¿).

Hence when q > I

log |T,| - log Iii + logIL + log IL
< ik - 1) log k + a2ik - 2)¿2*/(*-i>/(2¿) = log ext.

If £7 = 1 then |rp| = l<ci6.

Theorem 16. (L, Theorem 316.) We have

\Aiq)\   <bxoq1-'",
where bx»=Cx%'.

We use Theorem 15:

U(?)|  =■ 22\q-iSp\'< qicxsq-*)' = hoq1-'.
p

Theorem 17. (L, Theorem 317.) If p\n then

\Aip)\  < b20p1'2-'2,

where £>2o = k*.
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Theorem 18. (L, Theorem 318.) We have

\Aip)\ < bap*-'2,

where b2i = max (¿>2o, b22) = k'.

If p\n Theorem 17 gives

M Oí) I  < b2oP112-"2 <b20p1-'12.

If p I n it follows from Theorem 12 that

\Aip)\  <p\p~lSf\-^ p(p~\k - Dp"2)'

< k'p1--'2 = b22py-'i2.

[April

Theorem 19. (L, Theorem 319.) For s^i,

6-   12 Mq)
e-i

converges absolutely and

©= Uxp.

Theorem 20. (L, Theorem 320.) If p\n then

| x„ — 11 <b2sp112-"2,

where b23 = max (¿>20, b2i) = £>2o = k'.

(i) Let p\(2k). By the remark after Theorem 8 and by Theorem 17,

|xp — 1|  =\Aip)\  <b2oP"2-"2.

(ii) Let^j (2/%). Then since />J«wehave/3 = Oand¿0=max (1,7) = ¿.By(12)

x, -1   = 12 A (P')= Eí'= S (2*)'

(2k)k - 1
= 2k —-< 2*+^*

2k - 1

2*+1¿*

(2¿)l/2-./2

= bup1'2--'2

2k+lkk
(2jFe)l/2-«/2  ^ - ¿1/2-./2

(2¿)l/2-./2
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Theorem 21. (L, Theorem 220.) Let Dq(m) denote the sum of the mth

powers of all primitive qth roots of unity. Then

Dq(m) =   22   d-p(q/d),
<i|(S,m)

where

(      1       »/»-I,

p(n) = <    (— 1)» if n is the product of j distinct primes,

*      0      otherwise.

Corollary. // p is a prime then

, pt-p*~i ifp'\m,

Dpt(m) = <       — p'-1 if p'-l\m, p'\m,

v 0        ifp'-^m.

Proof: Dpt(m) =2ZdHpt.^d-p(p'/d) and p(p'/d) = 1 if d=p', p(p'/d) = -1
iid = p'~1, and u(j>'/d) =0 in all other cases.

Theorem 22. (L, Theorem 321.) If pk\n then

|xp- l| < hip1-''2,

where 626 = max (Z»23, ô26, ¿»27) = 1 -+^*.

If p\n Theorem 20 gives

Up- l|   < b23p1'2-"2 < bnp^-'l2.

Hence we may assume p | » and since pk\n we have 0 = 0, l^cr^Ä — 1.

(i) Let p\(2k). Then 7 = 1, 4=max (<r+l, l)=<r+l and

c+X

(15) Xp- l=A(p)+   22MP<).
(-2

Also, by Theorem 11, Sp=p'~1 since 2^í^cr+l^¿ and then from the

Corollary to Theorem 21 we obtain

= p-'Dpl(- n)

!pt _ ^i-i when /»'| », that is, when 2 g / g o-,

— p'-1   when ^í~1| n, p'\n, that is, when / = V+ 1,

0        when p'~1\n, which does not occur.

Therefore from (15), (16), and Theorem 18 we get
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Xt-1   -

c+l

Aip)+ ¿2MP')
(-2

Aip) + r\ p (- p'-1 + p') - r)

= \Aip) - p1-'] < hip1-» + p1-'

< ihi + l)p1-'12 = biop1-"2.

(ii) Let p\i2k). Then ¿0 = max (er+1,7) = £ and

|xp - l| S   ¿ (2*)' < M-1'2-'2 < b2ipi-"2.
(-1

Theorem 23. (L, Theorem 322.) We have

Xp > 1 - bitp1-''2,

where è28 = max (625, b29) = í+k'.

If pk\n, Theorem 22 gives %p> 1 -b^—>2. Hence let pk\n, that is,

ß > 0. (i) Let p > k so that 7 = 1, P=p. Applying Theorem 8 twice we get

Xp % pl~'Nip, 0) = pl~'Nip, p) = xpip).

Since pk\p we have

Xp è Xp(í) > 1 - Í26/»1-"

by Theorem 22. (ii) Let púk. Then

Xp = 0 = 1 - k'i2~lk1-'12 ^ 1 - k'l2-^1-'11 = 1 - hop1-'».

Theorem 24. (L, Theorem 324.) 7//>>(l+/fe')2/(*H!)=ii8 then

Xp > 1 - rs/a-

By Theorem 23

xp > 1 - M»1-*" = 1 - (1 + ¡w*-*'*^*« = 1 - /»-*"

when p > (1 +¿')2/c-» = ¿18.

Theorem 25. (L, Theorems 325-326.) We have

© > bi
where

h= IT *(*)■ IT d-rs/a)-
pâ MS p>6lS

We use Theorems 19, 10, and 24:

© =   IT Xp =     IT Xp     IT Xp >    TT   KP)  • TT  (1 ~ P~*ñ - »*•
P pá &18 p>6l> pS ¡IIS pXis



1934] WARING'S PROBLEM 409

5. The main lemma for the third Hardy-Littlewood theorem. In this sec-

tion we follow the methods of paper G. We shaU assume that

i)x è 17 when k = 6,
(17)

Vx^D+ 2*-3when k ^ 7,

so that from (2)

(18) ik - 2)2*-2 + k + 2^s <4(k- 2)2*~2 + 4*.

As we shaU see later our final choice of r¡x satisfies the conditions (17). It

follows from the second part of (18) that

K - 1       2s -2K      K2 + K - 2s      1
-=-^ —,

K 2s- K Ki2s - K)       K1

2s -2k      2s - 2K 2siK - k) K - k 1
-=-1-i- 2;- 5:-
2s - k        2s - K       (2s - k)i2s - K)       2s - K ~ K2

We may then choose 0 = 6(k, s, e) so that

2s - 2k 1
(19) -6 =-,

2s - k 2K2

K - 1 1
(20) -e = —,

K 2K2

2s - 2K        1
(21) 6-^-

2s - K       2K2

The purpose of this section is to find an approximation for

f I H*) - -22 */(*)
JC   \ „,p

\dx\

taken around the unit circle | x | = 1. We divide the circumference into sub-

arcs in the following manner. On the circle we take the points p = e2**'« which

correspond to the Farey fractions * with denominators q ̂  »1-°. The mediants

between two neighboring Farey fractions form the end points of our sub-

arcs. It is known that if x is any point of an arc which contains the point p

then

x = pe2Ti" = g2i'(i,/«+i/)

* For the definition and properties of Farey fractions see L, pp. 98-100.



410 R. D. JAMES [April

where
- yi ^ y =■ y»,

1/(2Çm1-) ^ yi < l/(g»1—),     l/(2?»1—) = y3 < l/($»»—).

The arcs for which «0<c7 = »1_0 are called »»'»or arcs and are denoted by m;

those for which l^ç^w are called major arcs and denoted by M. Each

major arc is further divided into two sub-arcs denoted by Mi when \y |

g \/i2<fnl-)a), and by U2 when |y | >l/(2c/w1-9°).

Theorem 26. (G, Theorem 1; L,  Theorem  140.)  Z,ci  |y|=|,  flo^ai

è • • • =0. FÄe«
w

¿2 aie2""'    á cío/sin tt| y | .
J-0

Theorem 27. (G, Theorem 2; L, Theorem 223.)

X
1/2   I     If

12 a,*2"«'
1/2   I  j-0

2 JV

dy=   2| a,!*.
J-0

Theorem 28. (G, Theorem 3; L, Theorem 262.)

¿rÜ.2Ü') <G3A2°+-,
j-o

where G3=4(& — \)A\.

If k is even r*,2(/) is at most equal to the number of solutions of hi +h22 =/

and this is

4Z (- 1)("-1)/J = 4F(/) ^ 4ilii'»

u odd

by Theorem 1. If £ is odd,

j-kf  + hi   =   (Ai + Ä2)(Äf-1 +  ■ • •   + hf1)

implies that A1+Â2 divides/. For each positive divisor d of/ the two equations

hi + h2 = d,    hf + hf = /

have at most k — 1 solutions in common since the elimination of h2 between

them yields an equation of degree k — 1. Therefore when k is odd

fk.tU) = (* - i)J(/) á (ft - íMi/'1-

Thus for all ¿ = 6

r*.t(/) ^ max (4, £ - l)AJ"- = (* - 1)41/«1.
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Next, 22f-o rk,i(j) is the number of solutions of hxk+h2k^N, Âi^O, AjèO.

Since hxèN", h2 áN", this is at most (1 +Na) (1+N") ^4A72a. FinaUy

N N

22 '*.«(/) = max rk,2(j)-22 r*.*(j) = (* ~ l)¿i#'»-4tf* - GtN2*+-K
,'-0 OéJSN ,_o

Theorem 29. (G, Theorem 4; L, Theorem 277.) For ß>0 and j a positive

integer,
Viß+1+j)

--jß

ß
< 7(/3)/fl-,>

wAere 7(/3) =4(S(2"+l)e<T03+l) ¿5 independent off.

It is known that*

lim ros + 1 + /)/(/!/) = 1.
jtmrn

Let *(/)-r(|8+l+/)/(/!/")• Then

(22)

Also,

*(/) -1+ Z (*(»-1)- *w),
»-Í+1

*(» - 1) - *(») = *(» - 1)(1 - (1 + py»)(l - I/»)").

)l-I-(»^X*-Ot+CD>-
-M-(»Q-Q)¿

^0-0)7-)l
-kt)ht)7—i-

If /3 is an integer this expression is

s£(' + V-<£f ('+').£:
tív+ i/»,+i   i»2 *±iV + i/

Next, suppose that j8 is not an integer. Since

* See, for example, Whittaker and Watson, Modern Analysis, Chapter XII.

ß-2»+l



412 R. D. JAMES

0* + 1) U

[April

c;:>o
when ¿^ Ij3] + 1, and since

i ^( ß + i\_(ß + uß---(ß- Iß]). n
= \[ß] + 2)~ ([/?] +2)!

we have

iß + 1\J_ _ /0 + l\£
V    2    / 7»2      \    3    / »5

^|J/ß+l\J_ -     / g + 1 \ [ß] + 1

S £í\* + l/*'+1 ,-m+Mß] + 2/    i»'+l

^2^^/[g] + l\ t   [g] + l     -   J_

i»2 «-A ¿ + 1 / »2        ,_[„] »'

/ v    \ 1 1
< ( 2/3-20+1 + 2/3-)— ^ (20-2*" + 4/3) — •

\ » — 1/t»2 t>*

Hence

(23)     11 - (1 + ß/v)(l - í/vy\  < max (ß-2^+\ 4,3(2* + l))t>-2 = 7i(/3)«»-2.

Also,

log 3>(» - 1) = log r(/3 + v) - log ((* - 1) !) - ß log iv - 1)

- íbgí es+» -1) • • • iß + miß + d) - "¿log« - ß iog(»-i)

»-i
=   Z(log 08 + n) - log ») + log T(ß + 1) - ß log (t» - 1)

n-l

»-1

=s  Etf»-1) + log T(ß + 1) - ß log iv - 1)
n-l

= 0 + /8
/'  *— 1i      U'

Hu + log r(/3 + 1) - ß log (s - 1)

Therefore

(24)

= ß + ß log iv - 1) + log r03 + 1) - ß log (v - 1)

= /s + iogr03+ l).

*(t»- 1) = eT(^+ 1) =7203).
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From (22), (23), and (24) we get

| *(» - 1) - *(«)| á yx(ß)-y2(ß)v~2 = y(ß)v~2;

\T(ß + 1 + j)/(jlf) - 11 = | *(j) - 1 | = I  22 (*(» - i) - *(«0)|

<7(/3)   ¿   tr2 ^ y(ß)((j + I)'2 +   f     u~2du\ < y(ß)j~K
n-,+1 \ J i+X I

Corollary. For ß>0 andj an integer ^ 1,

T(ß + 1 + j)/jl > y3f,

where 73 = (l+7(l))-1 = (l + 12e)-1.

Since T(ß+2+j) = (ß+l+j) T(ß+l+j) it follows that T(ß+2+j)/jl

>y»f+1 if r(j8+l +/)//!>y3jß. Hence we may assume 0</3ál.

(i) Let/è 1+7(1). Then

TOS + 1 +/)/;! > / - y(ß)f~l > f - 7(1)/-'

= fil + 7(D)-1 + 7(D/"(i + 7(i))-1 - y(l)fl

= fil + 7(D)-1 = y*f.

(ü) Let lá/< 1+7(1)- Then

r(0 + 1 + j)/jl = (/S +/)••• 03 + 2)T(ß + 2)/jl > jl T(2)/jl = 1

= (1 + T(D)(1 + 7(D)-1 > j(l + 7(D)"1

= f(l + 7(D)-1 = 78/.

Theorem 30. (G, Theorem 5; L, Theorem 267.) Let t be an integer, m>0,

and
t+m

s=   22pht-
A-l+1

Then for every e2>0, e3>0,

\S\K < Gm'tq'^m*-1 + mKq~l + mK~kq),

where Gi = Cx»=Skl CxiA3.

By Theorem 6 with z = b/q we have

(Alm1"« >.

mK-x + mK-k      £    min (m, 1/{bv/q\)J.

Divide the summation into partial sums according to the / in
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bv = / (mod q), O ̂  / ^ q — 1.

Since \bi/q\ = {bi/q] when ¿>i = i>2 (mod q) we have

min (m, í/{bv/q}) = min (m, í/{j/q\).

Each partial sum has at most kl f»*-1c7-1+l terms and thus

fclm*-1 î-l

22   min («. 1/ {*»/«} ) = (* I w»*-1?-1 +1)12 min (m, 1/ {j/j} ).
»-1 J-O

Also

¿min im, 1/{j/q}) á « + '¿(1/{//?}) = m + 2    £    (1/{j/g} )
j-o j-l IS,So/1

= m + 2     12    (l/(j/q))<™ + 2Í2qj-lem + 2q(l + logq)
lSjáj/2 ,_1

^ m + 2qA3q" (Theorem 7).

Therefore

ft!m*-l

12   min («, 1/{*»/?}) < kl(m"-lq-1 + \)(m + 2Atqi+-)
v—l

g 2klA3q"(mk-lq-1 + \)(m + ?)

< 4/feU3cj«'(»it-1g-1 + mk~x + q).

Combining this result with (25) we obtain

\S\K < Ci6m"(mK-1 + mK-k-^klA3q-(mk-lq-1 + w*"1 + q))

^ 4klCiiA3m"q"imK-1 + mKq~l + mK~l + m*-kq)

< 8klCiiA3m**q«imK-1 + mKq~l + mK~kq).

We choose e3 = ei/(10£) so that e2+£e3 = Z?ei.

Theorem 31. (G, Theorem 6.) On the entire circle \x | = 1

\faix)\  <Gon°q-,

where G6 = cuiril+a)+2ayia) (l-fl2)~1+(2a+l) (a+1)"1).

We use Theorems 15 and 29:

\faix)\  = \r*S,\ ■ I r(l + a) + a ¿(r(l + a+j)/jl)ia+j)-Kx/p)<\
j-i

< cvUT' (r(l + a) + a J2ija + 7(«)/°-1)(a + j)A
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^ Cx«T" (r(l + a) + a(il + yia))ia + l)"1

+ f(r-l + y(»)j-*Wj\

< c]S6T°(r(l + a) + a((l+ y(a))(a + l)"1 + n"a~l + y(a)(l - a)"1))

= ci6g-°(r(l + a) + a((l+ y(a))(a + 1)-* + k + y(a)(l - a"1))) n'

= G6naq-".

Theorem 32. (G, Theorem 7.) We have

\fa(x)\ <G7«-1g-°|y|-1;        \*p(x)\ <G8?-»|y|-";

where Gi = %acxs(l+y(a)), G8 = r(l+a)ci6.

(i) By'Theorems 15, 26, and 29,

oo

\fa(x)\ < ci6?-T(l + a)     22 «a + 1) • • • (a +/ - l)//!)(*/p)'
j-n+l

g Ci6?-«T(1 + a)-a(a + 1) • • • (a + «)/((» + 1)! sin x| y\)

= c16q-°a(n + 1)-*(T(1 + a + «)/»!)(sin tt[ y | )~1

< Ci6?-°«-la(«a + 7(a)«0-1)(21 y |)_1

^ iacu(l + 7(a))«0-1?-0| y|"».

(ii) From Theorem 15 it follows that

|»,(*)| = |T(1 + a)r'i,(l - x/p)-\

= |r(i + o)|.|crl^|-|i--«,*<»|-

= | T(l + a)| ■ | q-lS,\ ■ | eri« - tr-**\ "•

< T(l + a)cxtq-a\ 2 sin 7ry| "°

g T(l + a)ci5?-°(4| y |)— < G8?-°| y|-.

Theorem 33. (G, Theorem 8.) We have

\fa(x)\  < G9q-° min (»•, \y\—),

where Go = max (G6, G7+G8).

(i) Let | y | ̂  1/«. By Theorem 31

| fa(x) | < G&'q— = G6?-°min (»", | y\ ~').
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(ii) Let \y | ^ 1/w. From Theorem 32 we get

\faix)\  ^ \faix)\ + \*,ix)\  <Gnn*-iq-°\y\-i +G3q-a\y\~a

= G7n°-i\y\*-1q-°\y\-°+Gsq-a\y\-a

^ G7c7-°| y |_0 + Gsq-a\ y \~'

= (G7 + G8)c7-a min («•, | y |-°).

Theorem 34. (G, Theorem 9.) We have

12    f       \fa'ix)\2\dx\ <Gio«2"-1-x-2°,
Af,     J C-M,

where
22so      2sa - 1 - (2sa -1)0    2,

Gio =---— Go .
2sa - 1  2sa - 2 - (2sa -1)0

FAe integral is taken around the entire circle with the exception of the arc Mi

itself and the summation extends over all Mi-arcs.

From Theorem 33 we get

f       \fa'ix)\2\dx\  < 2Go2'q-2'" \ y-*"dy

= 22>°Go2'i2sa - i)-iM2">-i-tf™-i>««t7-3«+o.a-i>«.

The exponent of ? is <-2 since 0<(2sa-2)/(2sa-l) by (19). Also, for

each ç7 there are at most q arcs. Hence

i; f   \fa-ix)\2\dx\
M,     J C-M,

< 22,aGa2,(2sa   _   1)-1. w2«o-l-(2«o-l)9a V1       ,jl-2«o+(2«o-l)»

la «an«

g   22,aG92>(2sa   —    l)-l.»2««-l-(2»«-D»«i 1  +      I 5l-2.a+(2.a-l)«¿?   J

< 22""G92*(2sa - l)-i.M?«°-i-(2«<-i>«a(i + (2ia - 2 - (2ia - l)ô)-1)

= Gio»2*0_1~<2*0_1)9a.

In the exponent of « we have

(2sa - l)da > ((2s - k)/k2)((2s - 2K)/(2s - K)) (by (21))

^ ((2s - k)/k2)(((k - 2)7: - 2K)/((k - 2)K -K))     (by (2))

= ((2s - k)/k2)((k - 4)/(k - 3))
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((k - 2)K + 2k + (1 + (1 - a)"-2)kKex)(k - 4)

417

k2(k - 3)

> 2a + 2A + (1 - a)"-2ei = 2a + X.

Therefore Gi0»2«,-1-(2"-1)9i' <GioM2"'-1-x-2<i.

Theorem 35. (G, Theorem 10.) On m we have

\f(x)\ <Gx3n"-aA+"AD'i,

where Gu = (2ir+l)21+AGiA.

Let r(j) =22k-oPhk, /è0, r(-1) =0. Then

(26) /(*) =   Epa*(*/p)m =  22(?U) - r(j - l))(x/P)>
,'-o

=   22r(J)((*/pY - (*/p)i+l) + r(»)(x/p)"
j-o

(1 - x/p) I>(/)(*/p)' + '(») (x/p)".
J-0

By Theorem 30 with m = [/«] + 1, t = -1,

r(j)\K = £p*
A—0

< G<([H+i)<v3:((LH + D*-1

+ ([f] + DV1 + ([/•] +1)*-*?)

S Gi(2f)"q"((2j")^ + (2f)Kq~l + (2f)*-»q)

S Gi(2n')"q"((2na)K-1 + (2n")Kq-i + (2n")K-kq)

g G4(2«»)M»(1~<,),,(2*-1 + 2K + 2K-k)n^~' (»« < q g n1"« onm)

< 2K+lGi(n°)K-l+D« («, + (A - l)e, < «2 + ke3 = £»«0 ;

(27) \T(j)\ < 2i+*GiAn°-°*+°AD«.

Also,

11 - x/p| = 11 - e2"»| = |e"" - e-***| = 2| sin iry | á 2x|y| < 2r/(qn1-').

Therefore from (26) and (27)

|/(x)|  g |l-*/p| £|r(/)|  + |r(»)|
;'-o

< (2irn/(qnl-°) + l)(2l+AGiA)n'-'A+'AD^

^ (2tt + l)21+AG/«0-'u+o4ß«>.
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Theorem 36. (G, Theorem 11.) We have

22 f !/•(*)! 2M*I <Git»»»-i-s
m      •'m

where G» = 22"+«G3GiS2-4.

By Theorem 35,

22    f \f(x)\2\dx\  ^rrx2ix\ f(x)\2-*-22    f \f(x)\2\dx\

(28) r1'2.
<G»^in(2^i)a-{2.-i){X-D.l)aA     I y»(e*»4»)   »¿y#

18 J -1/2

But /"(x) =22l^Fij)x', where

R(j) = rk.2(j), O^j^n;

0 = R(j) è rki2(j), n<j£2n;

and by Theorems 27 and 28,

f      |/V"»)| 2oy =   22R*(J)=   22r\,i(j)<Gl(2ny+'K
•> -1/2 Í-0 Í-0

Combining this with (28) we get

m      •' m

2láxl <G2*~4-G . 22o+«i»<2'-«o-(J»-4>(1-B«i)<^+2»+«i
11 18 8

The exponent of « equals

2sa- 1 - ((2s - 4)(1 - Dti)aA - 1 - 2«) + c,

- 2s« - 1 - ((2s - 4)(1 - Dei) - (k - 2)K - 2k

- (1 + (1 - a)'*-2)kKtx JaA - 2A - (1 - a)"-2«i

á2í«-l-2¿-(l- a)"-2ti (by (2))

= 25a - 1 - X

and the theorem foUows.

Theorem 37. (G, Theorem 12.) We have

\f(x) - fa(x)\ < Gisg^+^-max (»| y |, 1),

«>Aer-eGi8 = (27r+l) (2(3G,)¿+7(a)).

As before
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(29) f(x) = (1 - x/p) 12 t(j)(x/pY + r(n)(x/pY;
J-0

faix) = <r^f(l - x/p) £(r(l + a +j)/jl)(x/p)>
\ J-0

+ (r(l + a + n)/nl)(x/p)A

(30) = (1 - x/p) 12 vij)ix/p)> + v(n)(x/p)".
J-0

Each r(j) has [/°J + 1 terms and so may be written as [j"/q] partial sums

each equal to S, and [/°] + l — [/"/?]? = ? further terms. Then by Theorem

30 with ¿ = 0, m^q,

\r(J) - b"/q]Sf\  ^ GW****^-1 + qX-1 + qX-'qy

< (3G4)VDn+w («2 + et < t2 + k« = Dti) ;

1*0) - Cf/iÄl = ho-) - [>/?K| +N
(31) < 2(3G4)V-^D«1.

Since by Theorem 29

|r(l + a +j)/jl - j'\ < y(a)j-i ;g y(a),

we have

(32) | v(j) - j'q-'S, | - | r*S,\ | T(l + a + /)//1 - ¿«| < 7(a).

From (31) and (32) it follows that

|*0) - v(J)\ = |*0) - frKp+JT®, - vij)\
^ \r(j) -frls,\ + 1*0/) -j'q-'s,]
< 2(3G4)V~jl"MB«1 + 7(a)

^ (2(3G4)A + 7(a))g1-A+jli>«1.

Then from (29) and (30)

\fix)-faix)\ = (1 - x/p) 5>(7) - »(/))(*/»' + (*(«) - *(»))(*/p)"
J-0

n-l

all- */p| El*0) - »0)1 + |*(») - »001
J-0

< (27T«|y| + 1)(2(3G4)A + 7(a))?1-^+^B«»

< O + 1)(2(3G4)A + 7(o))ç1-^+^«»-max (»| y\, 1).
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Theorem 38. (G, Theorem 13.) We have

Z    f   \f(x)-fa'(x)\2\dx\<(G2i+G2i)n2'^-\

where

o, « ^ (25 + 2)(25 + 3 - (25 + 1)0 - 25(1 - Dei)A)

18 (25 + l)(2s + 2 - (25 + 1)0 - 25(1 - Dei)A) '

, _,   (25a - 2a - 2)(2sa - 3 + 2(1 - Dei)A)

26 18  9   (25a - 2a - 3)(2sa - 4 + 2(1 - Dtx)A) '

Write <i>f(x)=f(x)-fa?(x). Then

\f(x) - fa'(x)\2 = | (*,(*) + fa(x))' - *,•(*) |2

= l^ool'K"1 (*) + ••■ +^-\x)\2

< |$p(x)|2-22'(|*p(x)|2-2+ |^p(x)|2-2)

= 22«(| *>p(x)|2' + | $„(x)| 2|*p(x)|2-2),

where by Theorem 37

| *p(x) |  < Gi8a1-A+AB'i max («| y |, 1).

Hence from Theorems 37 and 33 we get

f   \fiix) -^p'(x)|2|dx|

<22'(f   |s»p(x)|2'|d*|   +   f   |$P(x)|2|*p(x)|2'-2|a-*|')
\J AT, J Af, /

al/n /• l/í«9«1-*") \
dy + n2' I y2'dy )

_[_  22»+'G2 (J2«-2ff2-2(l-ö«l)A-(2i-2)a   J   w2»a-2a   |

/. l/(9l'n1-í,0) \yi-<»t-i>.¿yJ
1/1» /

1/n

dy

< 22'+IG2'a2*~2,a_z>,l)A(»_1 + »2«-(2«+i)(i-»o>j-(2«+i)«(25 + l)-i)

+ 22«+IG28G:2^2?2+2a-2.a-2(l-D.1M(-w2.a-l-2a + w2+(2.-2)a-S((2i _  2)a  -3)"1)

< Gji»(2'+1)9o~1g2,~(2,+1)9_2*(1_D<l)A + G30«2,a-1-2,,g2+2o-2*o-2a-D<t)'1,
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where

do = 22'+1G28»(2s + 2)(2s + 1)-*,

G30 = 22'+lG¿G2«-2(2sa - 2a - 2)i2sa - 2a - 3)~».

The exponent of q in the first term is

> 2s - (2s + 1)0 - 2sA = il - 6 - A)2s - 0 > - 0 > - 2 (by (20)).

The exponent of q in the second term is <2+2a — 2sa< —2 since 2s>4&+2.

Thus

12      f     \f(x) - fa'(x)\2\dx\   < Gi.»!«»^"»—» 12 gl+i-(»H-l»-l.(l-I>.iM
M,   ~J M, 4-1

n»

+ Gso»2"*-1-20  23 ?3+2o-2.o-2(l-.D.1)Jl

o-l

g G29«<2'+l)i,a-1(l +   f    ?i+a«-(í'+i)»-a.(i-i).1u¿2j

+ G3oM2"'-1-20(l  +     f        q3+ia-2.a-Ul-DtOAdq\

< G29»<2*+1)i''_1 •   w2a+2sa-(2«+l)«o-2.(l-I>«l)o^

X (l + (2s + 2 - (2s + 1)0 - 2s(l - DtJA)-1)

+ G30»2"'-1-!"I(l + (2sa + 2a + 4 - 2(1 - Dti)A)~l)

^ G24«2"»-l-(2»(l-ß«l)«"l-a<')  -j-G26W2.a-l-2a_

In the exponents of n we have

2s(l - 7>€i)cî^ - 2a > (2s - 4)(1 - 7>ii)a^ - 1 + 2a ^ 2A + (1 - a)'*-2«i

as in the proof of Theorem 36; and

2sa - 1 - 2a ^ 2sa — 1 — 2A — (1 — a)«*-2ti = 2sa - 1 — X.

This completes the proof.

Theorem 39. (G, Theorem 14.) On M2

\fix)\  <G3in°-«-D^Aq-A\y\-¿,

where G3i - i2ir+l)21+2A+i"+2">AGiA.

On M2 we have

X  =  eiri(blq+v)¡ 1   ^  Ç 5¡  »° ;

l/(2j»»>-»-) ^ |y| < l/fo»1-), 2/(?|y|) > 1.
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From the theory of Farey fractions* it is known that there exist integers ¿»i

and qx and a number yi such that

bx/qx + yx = b/q + y, 0 = bx^qx^2/(q\y\), (bx, qi) = 1 ;

(33) \yi\ <q\y\/(2qx).

It follows from (33) that \yx\<l/(2q1nl~a) and so we cannot have »a<gi

a»1-", for if this were the case x would be a point of a minor arc m. Also,

I áqx^n" is impossible when n>2h, since otherwise

\bqx - hq\ = qqx\yx - y\ ^ ggi|y| + ggi|yi| < ??i|y| +?2|y|

= (q + qi)\y\ < 2naq/(qnl~a) = 2»2"-1 ^ 2»-° < 1,

and therefore bqy — ¿>ic/ = 0. Since (£>, g) = 1, (bx, qi) = 1, we have qx = q, bx = b,

yi=y> |yi| =?|y|/?i>?l3'|/(2f7i), which contradicts (33). Hence, ql>n1~a.

Write p^e2'*./«., n(/) =¿CopA

(34) /(x) = (1 - x/p,) £ rx(j)(x/pxY + ri(»)(x/pi)-.

By Theorem 30 with q=qx. m= [j"] + l, t=-l,

|rx(j)\K <Gi([j°] + i)«v(([/bj + D'-1 +([/•] + l)V + ([;•] + Dx-*?r)

^ GiVfY'qx'KVf)*-1 + (2/")JC<?-1 + (2f)K-kqi)

g G4(2«<,)«ff1<'((2«'')j::-1 + (2na)Kq~l + (2na)K~kqx)

< Gi2"na"q1"(2K-1 + 2* + 2K~k)naK-\x (qx > nl~")

^ 2Ä+1+«ä+2«G4»',Ji:-1+oDei• 2g-11y I"1 ;

(35) ITiC/)| < 21+2A+("+2«»>AG4A»°-(1-ei>tl)Ag-A\y\-A-

Also,

II - x/pi| = le"»1 - e-"'"1! = 2 sin7r| yi| ^ 2tt| yi| < 2irgr2 < 2ir»2<"-2.

Then from (34) and (35) we obtain

|/(x)|  S|l- x/pi| 22 \rx(j)\ +\rx(n)\
j-o

< (2x»-«2a-2+ \)2i+2A+í"+2'^AGiAna-<-l-'D^Aq-A\y\-Á

< G3i«a-(1-aD,l)Ag-A| y| +

This proves the theorem when » ^ 2*. If » <2* we have

* See the footnote at the beginning of this section.
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I fix) I    g na = n(i-'Dti)A-U-aA)na-(l-aD,i).nA-aA

< 2*0-oi><l)A-*(A-oX)wo-(l-aD.i)a-A| y I —A

< G3ina-(l-°D'i~>Aq-A\ y\~A.

Theorem 40. (G, Theorem 15.) We have

12   f     I/'(*) 12| àx | <G36»2"-1-X,

where G3i = 2UAGti2'(2sA -l)-x(2s^ -ilsA -1)0+3) (2sA - i2sA -1) 0+2)-1.

By Theorem 39

I      \fix)\2\dx\  <2G2ln2"-2'<-l-aD'^Aq-2'A    f y-*'Ady

=  2G|*i«2",~2'(l_oZ)<1>AC7_2'A22"1_1(2s^   —  l)-l»(««.»-l)(l-«a)g(2i4-l)»

=  22*A(2Sj4   —  l)-lG|î«2»<'-l-(2«^-l)»i'+2"'-llo«lj-2.il+(2.A-l)»>

Since the exponent of g is > —2 by (21), we have

£  f l/'Wl'H
M,     J M.

n«

< 22,Ai2sA  — l)-lGli«2*0_l_<2,il_l)*a+2,aXD<iy^ jl-2.X+(2.A- D»

a-1

^ 22,A(2s^ - l)-iG3ÎM2",-l-'2'A-1>i'0+!,«<,XD'i( 1 +   j     ?i-»«^+(*^-i)»dç J

< 22,A(2s^ - l)-iG3V"-1-<2'A-1)9o+2«oXD«i

X (1 + H2sA - 1)0 - 2s¿ + 2)-1n^'A-1^-2'aA+2a)

^ 22'A(2s¿ - 1)-»(2j4 - (2s4 - 1)0 + 3)(2s¿ - (2sA - 1)0+2)-!

X Gji»2*a-1-<2*(1-i>"-)',A_2o).

As in Theorem 38 we have 2s(l — De/)aA —2a>\ and the proof is complete.

Theorem 41. (G, Theorem 16.) We have

f \f'(x) -  12 fa'(x) '\dx\  <G1»»»-1-*,
J c\ q,„

where Gi = 2(Gio+Gii+Gu+Ga+Gti).    The summation extends over all p

for which 1 ̂ qg,n". There are~12T-i<p(q) terms in the sum.
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We may write

f !/•(*)- 22h'(x))dx\ =22 f ¡fix)- 22*,'i*)\,\dx\

+ 22 f !/•(*)- 22^'(x)\2\dx\
Af,     * Af,

+ 1   Í  |/'(D - *,'(*) - !>/(*) h <M,
Mi    "Mi

the accent indicating that the term which corresponds to Mi itself is omitted

in the summation and written separately. Using the inequality

we obtain
í-i

= N22\tÁ*

f\f(x)- !>/(*)12H
J c

= 222 { \f(x)V\dx\+2¿2  [ \22+>-(x)\2\dx\

+ 2£    f      |/'(x)|2|¿x| +2Z    f      | 2>p'(*)|Jk*|
Af,     •'Afj Af,     »'Af,

+ 2 22    f     |/'(x)-^/(x)|2|dx|
Af,     •> Af!

+ 222 f   I LV/(x)|2|dx|
Af,     •> M,

= 222    f \f'(x)\*\dx\+2n2°22   f   22\h'(x)\2\dx\

+ 222 f  !/•(*)|*|¿*l + 2*«-Z f 22W;(x)\2\dx\
M,     •'Af, Af,     «/Af,

+ 2E    [   \f'(x) - fa'(x)\2\dx\ + 2n2'22    f    22'\*,'(x)\i\dx\
Mi     J Mi Mi     "Mi

= 222    f|/'(x)|2|¿x| +222    f   \f'(x)\2\dx\
m      "m Af,     «'Af,

+ 222    f   |/'(x)-^p'(x)|2|dx| +2»2«£    f       k/(x)|2|¿x|.
Af,    •'Af1 Af,     J C-M,

To these terms we apply Theorems 36, 40, 35, and 34, respectively.
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Then

f !/•(*) - 12 fa-
J C\ q.p

(x) Idx\ < 2(Gio + G» + G24 + Gí6 + G,6)»"»-l-x.

Theorem 42. The Main Lemma. (G, §9.) We have

¿|cr(/)|2  <G!»2"-l-\

J-l

We note that

fa'ix) = rs(l + a)q~aSl,' X the first n + 1 terms of (1 - x/p)"

+ a finite number of terms with higher powers of x/p

= I"(l + a)q-S,' (í+Í2 isaisa + 1) ■ ■ ■ isa +j - l)//!)(*/p)')

+ higher powers

= (r-(l + a)/Tisa))q-Sf"Í2 OX™ + /)//!)(*/p)>
i-a

+ higher powers ;

12 fa'(x) = (r-(l + a)/T(sa))J2 P(sa + /)//!) Z Z qS/p-'x'
«,p J-0 4        p

+ higher powers

= (r»(l + a)/r(sa))¿ irisa + /)//!)©(/, ¿, s, »»<■)*''
í-o

+ higher powers.
Also,

n

f'ix) = 1+12 rk..ij)x' + higher powers.
j-i

Hence
n

/'(*) •—   12 fa'(x) = <r(0) +  ¿2 <r(j)x' + higher powers.

By Theorem 27,

/1/2 n
|/'(e2ri") -  12fa'(e2riv)\2dy =   12\ o(j) \ 2 + a positive quantity.

-1/2 ,_1

Therefore
n /. 1/2

ZkO)|'<   I       \fi«M*)~   12fa'(eiTiv)\2dy <Gi»2'-l-x
J-l «^-1/2

by Theorem 41.
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Corollary. Let

0-0(7) = (T'(l + a)/r(sa))(r(sa +/)//!)©0', *,*,»)•

FAc»

¿|<r0(/)|ä<^4«s"-1-x,

i-i

K»Acre^4=2Gi+2(r2'(l+a)/r2(ia))(sa/(sa-l))!!(2sci/(2ia-l))Ji9î72ï(5a-l).

By the proof of Theorem 4 we have

koO) - »0)| = (r«(l + a)/r(sa))(r(sa + ;)//!) |©c/, *,*,») -©0, *, *, »•)!»

ko0)| < I'O) I + (T*(l + a)/r(sa))72(5a - 1)/—» £ |¿(g)| .
4>»o

Also, by Theorem 16,

¿2 \Aiq)\ <bio   12 q1— = »„(»•«-») +   f"t7l-"dg)
4>n« 8>no V «^ n« /

^ buisa/isa - l))»"«2-").
Hence

|o-oO)|2<2|o-0-)|J

+ 2(r2'(l + a)/r2(sa))(sa/(sa - l))2bj y¿ isa - l^'O—ij**-*,

¿|o-oü)|2 < 2Gi«2"-1-x

+ 2(r2'(l + a)/r2(sa))(sa/(sa - l))2ôi,2722(ia - l)«2«<«-«>

X (§ "j2">~2dj + n2"~2\

< 2Gi«2,"-1-x + 2(r2«(l + a)/r2(sa))

X isa/isa - l))2bn2yiisa - l)(2sa/(2sa - l))«>«-i-*-<.a-a>

S v44«2«°-1-x.

6. The third and fourth Hardy-Littlewood theorems. In this section we

again follow paper L in the proof of the third and fourth Hardy-Littlewood

theorems which are here Theorems 43 and 45, respectively.

Theorem 43. (L, Theorem 346.) Let 77(f) denote the number of positive

integers j iS £ for which the equation

(36) j -  12 *<*, hi à 0,
•-i
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is not solvable. Then

Bit) < Cee^-S

where CM = 3Ai/cxos, Ci06 = (r2'(l+a)/r2(sa))22-2'<'73264.

By the Corollary to Theorem 42 we have for £ = 2

m
(37) 22 \o-o(j)\2-= ZkoO')|2<^4p°-1-x.

{/2<íáf i-i

In the summation 22í/i<i¿t \ffo(j) |2 there are H(!;)—H(£/2) terms in which

rk,,(j) =0. For these terms

I o-o(/)|2 = | (r-(l + a)/T(sa))iTisa +j)/jl)®\2 > (r2'(l + a)/r2(sa))y32b}j2—2

(by Theorem 25 and the Corollary to Theorem 29)

= W2"-2 > CxoS/2)2'*-2 = 6-io6£2"-2.

In the remaining terms | a0(j) \2 = 0. From (37) we get

(H(Í) - H(C/2))cxo¿2'°-2 <     22   10-0(7) 12 < A à1'"-1'* -
f/2</Sf

Bit) - Bit/2) < (Ai/cxoi)?-* = Co^-K

This holds also when 0<£<2 since  (36) is solvable for / = 1 and then

H(Ç) -H(Ç/2) =0. Hence for £>0 and every integer v^O

Bil/2*) - BiS/2*+i) < C„($/2«)^ = C68?1-x(2-)-1+x

< C68^-x2-2^3 (- 1 + X < - 2/3),

DO 00

Bit) =   22 iBU/2') - Hit/2'^)) < Co^~x 22 2-*v'3
v=0 t»=0

< 3c^~x = cMe-x.

Theorem 44. (L, Theorem 348.) Let £,,(») denote the number of positive

integers j = n for which equation (36) with s = s2is solvable. Then

L„(n) > .B^-u-^m-'Ov-'-u-a)'.-^

where BM-2*-'«C4C„, Cin = 2-1-(2»-l), Cn = 2-1-2°/((k-l)A1).

(i) Let 52 = 2. The number of solutions of the inequalities

(38) 1 ^ hf + h2k = n, hi è 0, h2 = 0,

is at least equal to the number of solutions of

(39) 0 = hx ̂  (n/2Y,    0 = k¡ g (w/2)", hx + Ä, > 0.
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The number of solutions of (39) is

([{»/2)°] + l)2 - 1 > («/2)2° - 1 > n*°-2-1-2* = Ci09«20,

when» > 2 (ao+i>/(2«> = ci08. For each positive integer/ ^ «the equation; = hi +h}

has at most ik — I)Aij'^ik — \)Ai««» solutions by the proof of Theorem 28.

Therefore
Liin) > cl0»n2°/Uk - l)4i«-i) = C7i«2a-"

= 22-aca-aC7,w1-<1-2o) (i-»)2"2-(i-«),-,<i
in

(ii) Let s2>2 and assume that the theorem is true for s2—1, i.e.,

(40) 7.,-iM > J320«1-(1-2'I><1-o),»-'-u-<'>'>-'.s

where F20 = 23-,»c5121_3C7i. Consider all integers

(41) A* + z

such that

h is an integer >0, z is an integer,

(42) «/2 < A* < (A + 1)* < », 0 < z ¿ m1-",

z is representable in the form z -J}^1 A?, A< = 0.

Since (A+l)*-A*>£A*-1>2A*-1>2(ra/2)<,<*-1> = 2a»1-'I>z, we have A*<

A*+z<(A+l)*. This shows that to distinct pairs of values A, z of (42) cor-

respond distinct integers (41). For suppose hi +Zi = A2* +z2. Then

hf < hf + zi = hi +z2< ihi + 1)*,

h2k < hi + z2 = Af + z, < (ht + 1)*

is impossible unless Ai = A2 and then Zi = z2. Moreover, each of the integers

(41) is >0 and < (A + l)* <». Therefore L,t(n) is at least equal to the number

of pairs of values of A, z of (42). Since («/2)a<A<«° —1 by (42), the number

of values A takes is

[»«•] - 1 - [(»/2)a] - 1 > «« - 2 - (»/2)° - 1 = 2-"(20 - 1)«" - 3

^ 2-1-<'(2a - 1)»" = Cm»"

when «>(3'21+°/(2° —l))* = ciio- The number of values z takes is

F.,_i([«1-'1]). Hence from (40)

£.,(*) > Cnxn'-L,r.1([nl~']) > cmn«Bioini-°/2y-u-2^«-rfr'-«-<*"~'«

> 2~1c    ■ 23~*2c,2_3C   «1-0-2o)(i-o)«,->-(i-o)«i-5.i
111 111       71 '

= j519»>-(i-a<»)(i-'')*>-2-(i-<'),'-J«i-
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Theorem 45. (L, Theorem 350.) For s2 as defined in §2 we have

(2 - 2a)A > (1 - 2a)(l - a)"~2.

Theorem 46. (L, Theorem 349.) For s and s2 as defined in §2 and every

integer »>C = max (ci08, cxxo, (Cee/B»)*2*-2), the equation

Í+Í2

(43) 22 ¿i* - », *. = o.
1-1

has at least one solution. That is, every integer >C is a sum of s0 kth powers =0

when
So = s + s2 = gx(k, ei).

Let » be an integer for which (43) is not solvable and write » = »!+«•.

Then, since there are/,,,(») integers «2^» for which 22i-?+iW = »2, ¿ièO, is

solvable, there must be ¿,,(») integers »i=»—»2:S« for Which

(44) ¿ ht = »i, ht = 0,
i=i

is not solvable. For if (44) were solvable for one of the £,,(«) integers «i, then

(43) would be solvable for » contrary to our assumption. By Theorem 43 the

number of positive integers ^» for which (44) is not solvable is <C66»1-X-

Hence
L,,(n) < Cee«1-'1.

By Theorem 44, when «>max (ci08, Cxxo)

L.,(n) > JB19«1-(1-2o'(i-a),>-2-(i-a),'-,<1.

Therefore

wx_(i_2a)(1_a).,-«_(i_a).,-S,1 < Cu/Bn>

n\-(2-2a)A-(x-a)T*tl K Cie/Bw (Theorem 45),

»2oA < Coo/Bio (\= 2A + (l- a)»-2«i).

It follows that (43) is always solvable when

» > max (c10t, cxxo, (Coo/Bio)"2*-*).

7. The solution of (43) for integers <C. The following theorem is weU

known :
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Theorem 47.* If every integer n for which f<n^h is a sum of s — 1 kth

powers ~= 0 and if m is the greatest integer such that

(45) («+ 1)*- mk < h-f,

then every integer nfor which f <n^h+im+\)k is a sum of s kth powers ¡gO.

Theorem 48. For L = ik + \)k — kh>kk we have

/±\h        /?\*        /i\*      *(2A + 7)

5'<2'+(t)"+2(t)*+2(t)*+2(t)*+
- 9.

Consider any integer « such that 0<» = 2*+1 —2. If n = 2k — 1 it is obvi-

ously the sum of 2* —1 Ath powers, 0 or 1. If 2*^«g2*+1 — 2 we write

» = 2*+a;, 0^a; = 2* —2, and again « is a sum of 2k — 1 ¿th powers since x is

a sum of 2k — 2 Ath powers, 0 or 1. Hence every integer in the interval

0 < « ^ 2k+1 - 2 = Ai

is a sum of 2* —1 =Wi Ath powers =0. Since 2*-l*<Ai<3* —2*, it follows

from Theorem 47 with m = 1 that every integer in the interval 0<» = Ai+2*

is a sum of »ii+1 Ath powers =0. We repeat this step m2 times so that every

integer in the interval 0<»^Ai+m22* is a sum of mi+rrii Mh powers ¡ä0,

where

(46) Ai + im2 - 1)2* = 3* - 2* < Ai + m22k.

We now apply Theorem 47 m3 times with m = 2 and conclude that every in-

teger in the interval 0<n^hi+m22k+m33k is a sum of mi+m2+m3 Ath pow-

ers ^ 0, where

(47) Ai + m22k + im3 - 1)3* = 4* - 3* < Ax + w22* + m„3*.

In general every integer » such that
t

0 < « ^ Ai +  12 mjk
J-2

is a sum of 22Li«i¿ Ath powers = 0, where

<-i (
(48) hi+  12 mijk + im, - 1)¿* á (¿ + 1)* - ¿* < A, + £ »</*.

J-2 J-2

From (47) and (46) we get

m33k = 4* - m22* - Ai < 4* - 3* + 2*,

and in general from (48) when t^3,

* L. E. Dickson, loe. cit.
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(-1

m,tk á it + 0* -  22 ™if - hx<(t+ l)k -tk+(t- 1)»,
Í-2

(49) mt<(l+ r1)* - 1 + (i - r1)*.

Hence

22 m, < mx + m2 +  ¿ ((1 + f1)" - 1 + (1 - /"*)*)
Í-1 i-8

_„1 + „,_(1_2) + 2t(1 + (*)± + (*\i + ...)

á mx + m2 - (t - 2) + {-A   + \-\

+2f!(i+Oj+-)di

<mx + m2-(t-2) + (—S\   +(-j)

+ 2(,-3) + 2((*)A+(*)-1- + ...)

<„,+„,+,- 4+(±y+({)'

2((')|-1 + 1 + (2)? + (4Î)i+ •■•)

GH*)'
(tH4):

+
= W! + W2 + / — 4 +

2*(* - 1) /4\*      /2\*
+ —---2 + '

From   (46),  m22*g3*-Ai = 3*-2*+1+2,   and  hence  when   t=k   we  get

L -(*+!)*-** and

••-5-'<2'-1+(t)'-2+2(t)'

+i_4+2(±y+2(iy+^-2

.,+(iy+2(iy+2(|y+2(iy+iç2^i).,
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Theorem 49. If every positive integer = 7, ¿s a sum of s — i kth powers ^0,

then every positive integer ¿ (F/A)*/(*_1) is a sum of s kth powers =0.

Since (F/¿)*/(*-1)-((Z/A)1/(*-1'-l)*gA(Z/A)=F, we may apply

Theorem 47 with m+1 = [(Z/A)1/(*_1)]. Thus every positive integer

^L+[iL/kyi<-*-»]» is a sum of s Ath powers £0, and L+ [(F/A)1'«*-1']*

= F+((FA)1/(*-1'-l)*^(Z//fe)*/(*-1>.

Theorem 50. 7/«>ery positive integer ^L, where L>kk, is a sum of s3 kth

Powers ^0, ¿Ae» every positive integer =C is a sum of s3+s4 kth powers 2g0,

«/Aere

flog log C - log (log L - k log k)-\
Si =    -    + 1.

L log k - log (A - 1) J

FAa¿ is, every integer = C is a sum of s0 kth powers ^ 0 wAe«

so = s3 + s4 = g2ik, €l).

By Theorem 49 every positive integer ^ (Z,/A)*/(*_1) is a sum of s3+l Ath

powers =0. Write Fi = iL/k)knk~1) and apply Theorem 49 again. Thus every

positive integer ^ (Zi/A)*'(*_1> =F2 is a sum of s3+2 ¿th powers =0. Also,

(¿A */(*-D /  £*/(*-i)  \ ¡b/(*-n

T/ " VT*/«*-^1/

log 72 = ik/ik - l))2 log 7 - (k/ik - 1) + (A/(A - l))2) log k.

In general, every positive integer ^LSt is a sum of s3+s4 Ath powers ^0,

where

log L.< = ik/ik - 1))'« log L - (A/(A - 1) + ■ ■ • + (A/(A - 1))«*) log k

= ik/ik - 1))'* log F - *((*/(* - 1))*' - 1) log k

> ik/ik - l))"<(logZ, - A log k).

This expression is ^ log C when

log log C — log (log L — k log A)

i4 = ~        log A - log ik - 1)

8. Evaluation of the constants. We first prove three lemmas.

Lemma 1. For w 2:5 we have

n

22(1+ j-1)" < 2-+1 + » - 1 + (w + 1) log ».
j-i
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Let t=[w] + l. Then

22 (I + j-i)<° = 2" +   f (i+/-i)-¿/<2-+   f  (l+f'Ydj
,-i *' i J x

-2-+î"(1+('i)7+('2)j;+-+j)di

.2.+(,+<1„gy-(;)i-(;)i-y~)[

<i-+-i+"°*"+(d+(l)i+Oj+-+¿¡
-2-+—i+'1<«»+t+(0t+(2)t

+(3)t+(1H + -+7

"  2       \1/ 2       \2/ 2       \4/T

V5/4 "\1 ~ t - 1/
Since

when ¿ = [w] + 1^6, we have

n

E (1 + r1)" < 2W + n - 1 + t log « + 2'"1

= 2» + n -1 + ([w] + 1) log « + 21"!

^ 2-H-1 + « - 1 -f (w + 1) log ».

Lemma 2. For x = 0 we have

i2* - l)-1 ^ (xlog2)-1.

Consider the function

y = x(2* - 1)-*,    y' = (2* - 1 - *2* log 2)(2* - 1)~2.

We have y'^0 when x = 0. Hence y attains its maximum value when

x = 0. That is, max y = 1/log 2 and the desired result follows.



434 R. D. JAMES I April

Lemma 3. Let t be an integer =0. FAe»

log (it) = (¿+ l)log/-<+ 1.

We have

log 00 =   £ log » =   I   log x dx + log t = (/ + 1) log t - t + 1.
n—l J 1

The constants are now evaluated as follows,

(«a) «2 = 7 log 2

friß)) y(ß) = 4/3(2' + l)e»Tiß + 1)

(7a(/3)) y*iß) = *Tiß + 1)

(7i) 7» = (1 + 12e)"1

idt) log eu = ik - 1) log k + a2ik - 2)Aa*/(*-2V(2A)

(¿18) Ô18  =   (1 +  A')2'<«-5>

ibiP))        bip) > j 2-*«*-», p = 2,
l /,-*(»*-", /, > 2

(Theorem 2).

(Theorem 29).

(Theorem 29).

(Theorem 29).

(Theorem 15).

(Theorem 24).

(Theorem 10).

Proof: By the proof of Theorem 10, rg4A-l when p = 2 and r^2A-l

when p>2. Also, 7 = A, since for p>2

y = 9 + 1 g 2« ^ p* g A;

for/» = 2, 0>1,

7 = © + 2^2e^A;

andforp = 2, 9£1,

7 =e + 2 ^ 3 < *.
Hence

2-*<4*-l)> ^ = 2,

/> > 2.

(Ô4) log (I/A«) < 2*« (Theorem 25).

Proof: From Theorem 25

64- n *(í) n (i-r,/2)-

Let

K» = F-
/  2-*«*-o

r = ¿,-yr >  )

r \   ^-t(2t-l)(

pS&n p>fci»

iii = i/( n Hp) ),   iia = i/( n (i - p-,n))-
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Then

iii = 2*<"-i)  n pki2k~i),
sâpShs

log Iii = HU - 1) log 2 + H2k - l)0(iu) - *(2* - 1) log 2

< 2k2 log 2 + *(2* - 1) (— cbu + 3 log2 oi8 + 8 log ô« + 5 J

(Theorem 3)

= 2k2 log 2 + *(2* - 1) (— cil + *»),/toHB

+ 3(2/(5 - 5))2 log2 (1 + k') + 8(2/(5 - 5)) log (1 + *•) + 5^

^ 2k* log 2 + ki2k - 1) (— e22i»*k2*i13 + 3(2/65)2 log2 (2*M)

+ 8(2/65) log (2F°) + 5 j (since 5 è 70 by (2))

< 2k*- log 3 (/fee 6).

Also,

n = i/( n (i - /,-"2)) = ¿ «-'" = i + f «-,/2¿» = 3.
V    p / n-1 •' 1

Therefore

log (I/Ô4) = log nx + logIT2 < 2*6 - log 3 + log 3 = 2Ä«.

iA i) log .4 1 < 9ex2 « (Theorem 1) •

Proof: We have

log At - >r(2*) log 2 + x((3/2)«) log (3/2)

+ ••• -ii(tf(2*)+0((3/2)*) + •• • ).

Since ^((l+r1)") =0 and Hil+r1)"1) =0 when (1+r1)" <2, that is, when

/>l/(2'i — l), we may write

log 4i =   ¿'((1 +r1)")log(l +/-») - ei ¿>((1 +/-')"),
;'-l /-l

where «= [1/(2«'-!)]+ 1. By Theorems 2 and 3
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n (1-1- ;-l)li /       »

îog Ai < «212   .   .; , . n iog (i +11) - «i( c 12 a + /-»)•.
Í-1   l?llog(l +;-1) \     ,_!

- — c¿ (1 + F"1)"'2 - — ¿ lQg2 (1 + i-1)
5      /_i 2   ,-_l

- 13 ¿log'(l+/-»)- 15(»- 1))
,-1 /

< («2 - c)e1(2'i+1 + » - 1 + im + 1) log «)

+ — cc-i(2<'.+2>/2 + » - 1 + (t,i/2 + 1) log »)
O

3
+ — «i(» - 1) log2 2 + 13ei log (» + 1) + 15íi(« - 1)      (Lemma 1)

< (a2 - c)(€i2^+> + «1(2" - l)-i + (1 + ei) log ((2«> - l)-i + 1))

12
+ — (ei2<«+2>/2 + tl(2«> - l)-> + (1 + ii) log ((2" - l)-i + 1))

3
+ — «,(2- - I)"1 + 13ex log ((2«» - l)-1 + 2) + 15íi(2" - l)-1

^ (a2 - c)(ei2'i+i + 1/log 2 + (1 + «0 log ((e, log 2)"1 + 1))

+ — (ei2('.+2»2 + 1/log 2 + (1 + «0 log Hei log 2)-i + 1))

+ 17«n(ci log 2)-1 + 13ei log ((e, log 2)-1 + 1) (Lemma 2)

< (a, - c)(«x2v" + 1/log 2 + (1 + ei) log 2Vi)

+ — (ei2^+2>'2 + 1/log 2 + (1 + .,) log 2V1)

+ 17/log2 + 13€i log 3r,i.

Since a2—c<4 this expression is <9ei2*> when vi^l2. By (12)

t?i = 17 > 12 when k = 6,

171 = 7? + 2*-3 > 20 > 12 when A > 6,

and hence log yli<9ti2*.

(A2) log At = (k - 2) log ¿1 (Theorem 5).

(A3) log A3 < log 171 + log 10¿ (Theorem 7).
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Proof:

log A, = log il/itte1-")) < log (1/É3) = log (IOAijO

since 10Ae3 = €i.

ids) log Cis = ik - 2) log Ai + K log 4 (Theorem6).

(G3) log G3 = log A i + log (4¿ - 4) (Theorem 28).

logG4 < ik - 2) log Ai + log t,! + K log 4

+ (A + 2) log A - ¿ + 1 + log 80 (Theorem 30).

Proof:

log G4 = log (8¿ ! CisA,) = log 8 + log (k I) + log C16 + log A 3

< log 8 + ik + 1) log k - k + 1 + ik - 2) log^i + # log 4

+ log ?7i + log 10¿ (Lemma 3).

id) Gb < 3ci6 (Theorem 31).

Proof:

G6 = cu(r(l + a) + 2ayia)il - a2)-1 + (2a + l)(a + 1)-») < 3cn.

(G7) G7 < cu (Theorem 32).

(G8) G8 < cíe (Theorem 32).

(G¡>) G9 = max (G6, G7 + G8) < 3ci6 (Theorem 33).

ido) Gio < 3-22'a+k-H}\' (Theorem 34).

Proof: We have

2sa- 1 - (2sa - 1)0      2so - 1 + 2K2
(by (19))

<3K    (by (2)).

2sa - 2 - (2sa — 1)0 2sa - 1

ik - 2)K+ k + 2kK2

ik - 2)K+ k
Hence

Gio = 22"'(2sa - 1)-K2ia - 1 - (2sa - l)0)(2sa - 2 - (2sa - 1)0)->G2»

< 3-22'"+*-1G2'.

(Gi,) G13 < 15G4-* (Theorem 35).

Proof:

Gi„ = (2tt + 1)21+^G^ è i2it + 1)233/«2G4'Í < 1504^.

(Gi&) logGií < ((2s - 4)(¿ - 3/2)A + 1) log Ai     (Theorem 36).
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Proof:

logGie = (25 — 4) logGiü + logGü + (2a + et) log 2

= (25 - 4)A logGt + (2s - 4 )log 15 + logG3 + (2a + ex) log 2

< ((25 - 4)(k - 2)A + 1) log Ax + (2s - 4)4(log Vx + K log 4

+ (k + 2) log 2 - k + 1 + log 80)

+ log (4k - 4) + (25 - 4) log 15 + (2a + 6i) log 2

21og7ji     2iHog4
= ((25 - 4)(k - 2)4 + 1) log^i + (5 - 2)4 log4!  —^— +

/2lQg7,;

\ log A xlog A x        log Ax

2(k + 2) log k     2/fe - 2      2 log 80 _      log (4k - 4)
H-r"—:-:-:—r*

logi4i log4i        log4i       (5—2)4 log 41

2 log 15       (2a + ii) log 2

4 1og4i      (5-2)4 1og4,

Each of the positive terms in the coefficient of (s — 2)A log ^4i is <l/7 when

■qx = 2k and thus

logGü < ((25 - 4)(k - 2)4 + 1) log Ax + (s - 2)4 log 4i

since 77i>17>12 = 2£ when k = 6 and »7i>2*-3>2Ä when k = 7.

(Gxi) Gxt < 25GiA (Theorem 37).

Proof:

G,8 = (2tt + 1)(2(3G4)A + 7(a)) = (2tt + 1)(2-31'32G1A + 7(1/6))

g (2tt + 1X2-31'32 + 7(1/6))G4A < 25G4A.

(G24) logG24 < 2sik - 3/2)A log 4i (Theorem 38).

Proof: We have

25 + 2 25 + 3 - (25 + 1)6 - 25(1 - £>ei)4      25 + 2 25(1 -A-6) + 3-d

25+1 25 + 2 - (2 s + 1)6 - 25(1 - Z>ei)4      25 + 1 25(1 -A-6)+ 2-6

2s + 2 3 - 6
<-< 2 (by (20) and (2)).

25 + 1 2 - 6

Hence

ft, - 2- W + W + ^-p. + p.-z.d-lW)
(25 + 1)(2j + 2 - (25 + 1)0 - 25(1 - Dti)A)
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logG24 < 2s logGis + (2s + 2) log 2 < 2sA logG4 + 2s log 25 + (2s + 2) log 2

= 2i(A - 2)A log^i + 2s.4(logiji + Alog4 + (k + 2) log k

- k + 1 + log 80) + (2s + 2) log 2 + 2s log 25

2 log ru      2Xlog4      2(¿ + 2)Iog¿- |-1-
log^4i        log.4i log^i

/21ogri1
= 2s(k-2)A logAi + sA logAA-— + -    -^- +

Mog^i        log^i

-)
li/

2/fe - 2  _   2 log 80      (2s + 2) log 2      2 log 25>

log A i        log A i s A log A i A log A i

As before the coefficient of s A log Ai is <1 and thus

logGu < 2s(A - 2)A log Ai + sA log Ai.

(Gn) logGjs < 2sik - 3/2)A log Ai (Theorem 38).

Proof:

(2sö - 2 - 2a)(2sa - 3) ((k - 2)A - 2)((A - 2)K - k)
-<-< 2 (by (2)).
(2sa - 3 - 2a)(2sa - 4)     ((A - 2)K - k - 2)((A - 2)K- 2k)

Also

log d < log cu + log 3 = ik - 1) log A + a2ik - 2)¿2*/<*-2Y(2¿) + log 3

< (A - 1) log k + 7(log 2)¿3/3 + log 3

< (A -2)A log At (vi = 2A)

< .4 log G4 < logGig.

Therefore

log G26 < (2s + 2) log 2 + (2s - 2) log Gs + 2 log G18

< (2i + 2) log 2 + 2s log Gi8

< 2s(A - 3/2) A \ogAx

as in (Gu).

(Gn) Gti < 25G4A (Theorem 39).

Proof:

G3i = (2tt + l)2i+"+(«>+a.,MGi. ¿ (27r + i)2«/»*G/ < 25G4A.

(G36) logG36 < 2s(k - 3/2)A log Ai (Theorem 40).
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Proof:

(25 - K)6 - (2s - 3K)      2s - K + 2K>
-g- (by (21))
(2j - K)6 - (2s - 2K) 2s- K

ik-2)K+2k-K + 2K*     ik - 3)K + 2K3     3 + 2K2
<. 1-i-!---< ^-Í—Z-< —I-< 2K2 = 22*-1.

ik - 2)K + 2k - K (k- 3)K 3

Hence

G,6 < 22'A+1+2*-1GÎÎ,

log G36 < 25 log G3i + (254 + 2k) log 2

< 254 log G i + 2s logGüs + (254 + 2k) log 2

< 2s(k - 3/2)A \ogAx,

as in (G24).

(GO log Gi < ((25 - 4)(k - 3/2)4 + 1) log 4i + log 10   (Theorem 41).

Proof : Consider first Gi». We have

log do < 25 log Go + (2sa + k - 1) log 2 + log 3

< 254 logG4 + (25a + k - 1) log 2 + log 3

by the proof for (/J^), and then as before

logGio < 25(£ - 3/2)4 log4i.

Also,

(25 - 4)(k - 3/2)4 + 1 = 2s(k - 3/2)4 + 1 - 44 (¿ - 3/2) > 2s(k - 3/2)A.

Hence

Gi = 2(Gio + Gis + G24 + G26 + G3i)

g 10 max (Gio, G«, G24, G2s, G3i),

logGx < ((2s - 4)(k - 3/2)4 + 1) log 4t + log 10.

(44)       log 44 < ((25 - 4)(k - 3/2)A + 1) log 4i + log 22      (Theorem 41).

Proof:

44 = 2Gi + 2(rJ'(l + a)/r2(5a))(5a/(5a - l))2(25a/(25a-l))2c2V2""-2r2(5a)

< 2Gi + 8e2"-2c2' < 2Gi + 8e2"-2(Gi8/3)2' (by (G26))

< 2(Gi + G2|) < 2(Gi + G«) ^ 2(10 max (do, • • • , G») + G2i)

< 22max(Gio, • • ■ , G86),

log 44 < ((25 - 4)(k - 3/2)4 + 1) log Ax + log 22.
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(C104) do« = (r2»(l + a)/r2isa))bíyt2 (Theorem 43).

icios) ¿ios = cio422-2*° (Theorem 43).

(C«8) log C68 = log A i + log (1/iioi) (Theorem 43).

(C6.) log Cee < ((2s - 4)(A - 1)A + 1) log At (Theorem 43).

Proof:

log Cee = log C68 + log 3 = log 44 + log (l/ci06) + log 3

< ((2s - 4)(* - 3/2)A + 1) log-Ai + (2sa - 2) log 2 + 2 log r(sa)

- 2s log r(l + a) + 2 log (I/Ô4) + 2 log (I/7.) + log 66

2) log 2
< ((2s - 4)(A - 3/2)A + 1) log At + is- 2) A log A

(i2sa

A(T=(s — 2)A log4x

+

+

+
2s log 22 log Visa)

is — 2)A log A1      (s — 2)4 log A1

2 log (1 + 12e) log 66
+

;)■(s-2)4 log 41      is- 2)4 log At

As before each of the terms of the coefficient of (s — 2)4 log 4i is < 1/6 when

r/i>2A+5. Since

»7i > 17 = 2k + 5  when k = 6,    »71 > 33 > 19 = 2k + 5   when k = 7,

Vi > 2*-3 > 2k + 5        when jfe ̂ 8,

we have

log Cee < ((2s - 4)(A - 3/2)4 + 1) log At + (s - 2)4 log Ax.

ictoo) ctoo = 2-2"-1 (Theorem 44).

(cud) cno = 3*-2*+1(2" - l)"* (Theorem 44).

(cm) cm = 2-1-a(2° - 1) (Theorem 44).

iCn) log (I/C71) - (A - 1) log At + log (1/cio.) (Theorem 44).

(Bt9) log il/Bu) < (2s - 4)4 log 4i + (¿fe - 1) log 4i       (Theorem 44).

Proof:

log il/Bto) = (s - 2) log (2/ciu) + log (1/Cn)

= ik - 1) log At + is - 2) log (22+V(2° - 1)) + (2a + 1) log 2

= ik- l)log4i+(2i-4)4 1og4ir
js - 2) log (22+°/(2° - 1))

(2s - 4)4 log4i

+
(2a + 1) log 2

(2s - 4)4 log 4
•>
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As before the coefficient of i2s—4)A log Ax is <1 and thus

log (1/5«) < (25 - 4)4 log 4i + ik - 1) log Ax.

(C) logC < 20¿32* (Theorem 46).

Proof:
log C = ¿2*-2(log Coo + log il/Bxo))

< k2k-2H2s - 4)kA + k) log Ax

< 9k2k~2ii2s - 4)kA + *)«i2* (by (4U))

< 20¿32" (by (2) and (17)).

9. Proof of the main theorem. We prove the following

Theorem. We have

«[*gik) g   — [H + FD + Q + E

)")]-■
+ UH+FD + Q- E)2    + 4FÍED + R)

rffJULi-i..
*--   Ä-2*-1       2

By Theorem 46 every integer = C is a sum of s0 £th powers when

So è 5 + 52,

îo è iB + (1 + (1 - a)«*-2)¿2*-2ei)(l - .Dei)"1 + 2 + 4 + f*

= iHrjx + (1 + (1 - a)"~2)¿2*-2 + (r,i - £>)(6 + r*))(i>i - D)-\

(50) 5„ ̂  ((# + Q)Vx + R)ivx - D)-K

Also, by Theorem 50 every integer <C is a sum of s0 yfeth powers if

So = 53 + St,

50 è 53 + (log log C - log (log L - k log *))(log ¿ - log ik - l))-1

= 53 + (3 log k + log 20 + 771 log 2 — log (log£ — k log k))

X (log i - log ik - l))-1 (by(C)),

(51) 5o 3; fr,i + E.

The right members of (50) and (51) are equal when

(52) Vi = (h+FD + Q-E + (íH+FD + Q- E)2

+ 4FiED+R)\    W)- w
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and then every integer is a sum of s0 &th powers — 0 when

sa > —(il +FD + Q + E + ((H +FD + Q-E)2 + 4F(ED + R)\   Y

It remains to show that this choice of r¡i satisfies the condition (17). Since

E>2k we have ED+R>0 and thus

t,,> iH+FD + Q - E)F-\

(S3) vx - D >(H + Q - E)F-K

Also,

H + Q-E=(k- 2)2*~2 + k + 6 + tk - s3

- (3 log k + log 20 - log (log/. - k log ¿))(log k - log (k - I))-1

> (k - 2)2*-2 + k + 6 + f* - 2*

-(©MIMIMl)*^-')
- (3 log ¿ + log 20 - log (log!, - k log ¿))(log k - log (k - l))"1

= (k - 6)2*-2 + k + 6 + f*

- (3 log ¿ + log 20 - log (logZ - k log ¿))(log k - log (*-!))-»;

and

F = log 2(log k - log (¿ - l))-1.

Hence (H+Q—E)F~1 — 2k~3 is an increasing function of k which is positive

when k = 7 so that

(ff + Ç - E)^-1 - 2*-3 = 0

for all k = 7. Then from (53)

Vx- D^ 2*-3

for all k^7. When ^ = 6 direct substitution in (52) yields 171 > 17.

To obtain the values of g(k) which are given in the introduction we re-

quire the following:
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Every integer from to is a sum of

11-2« 12-26 39   6th powers

25-27+6-37 26-27+6-37 58   7th powers

25-28+9-3s 26-28+9-38 120   8th powers

38-29 39-29 285   9th powers

57-210 58-21 737 10th powers

By repeated application of Theorem 47 as indicated in the proof of Theorem

48 we obtain the following values for L and s3.

Every positive integer ?S is a sum of

1017-9 73 6th powers

101 143   7th powers

1Q3920000 279   8th powers

101 548   9 th powers

10ur" 1079 10th powers
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