THE VALUE OF THE NUMBER (%) IN
WARING’S PROBLEM*

BY
R. D. JAMESt

1. Introduction. The number g(k) is defined to be such that (a) every
integer is a sum of g(k) kth powers >0; (b) there is at least one integer which
is not a sum of g(k) —1 kth powers =0. Itis well known that g(2) =4, g(3) =9,
but the exact value of g(k) is not known when % =4.

The number G(k) is defined to be such that every integer >C=C(k) is a
sum of G(k) kth powers =0. Hardy and Littlewood} have proved that

Gk) = (k= 22"+ k+5+ 1w

where

(k—2)log2 — log®* + log (k — 2)
I“=[ log % — log (k — 1) ]
In this paper we obtain a similar bound for g(k) when 2=6. We shall
prove the
THEOREM. Let L be a number > k* such that every integer <L is a sum of
s3 kth powers 20. Let
D= (d+2)(k—1) — 21 4+ 1/10, d = [log (& — 1)/log 2];
3log k£ + log 20 — log (log L — klog k)
log £ — log (£ — 1) ’
F =1log2(log &k — log (£ — 1))Y; H = (k— 2)2¥2 4 k;
Q=24s3=6+¢; R=04+ (1 —a)r)k22 —~ DQ.

E=s; +

Then
gk) < 3(H+FD+Q+ E+ (H+FD + Q — E)?
+ 4F(ED + R))'?)] + 1.

The method of proof is as follows: We determine the constants as they
occur at each step of the Hardy-Littlewood analysis as functions of £, 5, and

€Y

* Presented to the Society, March 18, 1933; received by the editors March 20, 1933.

t National Research Fellow.

1 G. H. Hardy and J. E. Littlewood, Some problems of  partitio numerorum’ (VI): Further re-
searches in Waring’s problem, Mathematische Zeitschrift, vol. 23 (1925), pp. 1-37. See also E. Landau,
Vorlesungen iiber Zahlentheorie, vol. 1, part 6 (referred to as L), and M. Gelbcke, Zum Waringschen
Problem, Mathematische Annalen, vol. 105 (1931), pp. 637-652 (referred to as G).
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¢, where ¢ is a small positive number. In this way we conclude that every
integer >C(k, s, €) is a sum of s kth powers =0 when s=g(%, €¢) (Theorem
46). Then, using a theorem proved by L. E. Dickson,* we show that every
integer <C(%, s, €) is a sum of s kth powers=0 when s=g,(k, ¢) (Theorem
50). We choose ¢ as a function of % so that g,(k, e(k)) =ga(k, €(k)) and then
(k) =g(k, e(k)) =ga(k, (k).

In Theorem 48 we give a general method for the determination of L
and s; and prove that

s,<2~+(z) _,_2< ) _|_2(_> +2( )k+k(2k9+7)

when L=(k+1)*—k*> k¥ It then follows from (1) that

For particular values of ¢ we may obtain better values of L and s;. For
example, since 25-28=6400, 38=6561, 26-28=6656, every integer from 6400
to 6656 is a sum of 185 8th powers=0. Repeated application of Theorem 47
yields the result that every integer from 1 to 10™*7 is a sum of 279 8th
powers=0. With L=10"1%7, 5,=279, we get g(8) <622. Again, since 25.28
+9-.38=65449, 48=65536, 10-38=65610, 26-284+9-38=65705, every in-
teger from 65449 to 65705 is a sum of 120 8th powers=0 and this gives
L=10%9000 5,=279 ¢(8)<595. It is obvious that the larger we can make
L for a given s; the better will be the resulting bound for g(k). In the table
below we summarize the known results for g(k) and G(k) when 6<%k =<10.
The first line gives the bounds for g(k) obtained by algebraic methods sepa-
rately for each k; the second gives the bounds obtained by the methods of
this paper; the third gives the bounds for G(k) obtained by the Hardy-
Littlewood method; and the fourth gives the lower bounds for g(k).

k 6 7 8 8 10
ok = 478 3806 | 31353 _ 140004
(b < 183 322 595 177 2421
Gk) < 87 193 425 949 2113
FOE 73 143 279 548 1079

* L. E. Dickson, Proof of a Waring theorem on fifth powers, Bulletin of the American Mathe-
matical Society, vol. 37-(1931), pp. 549-553.
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The numbers in the last line are probably the exact values of g(k). In
order to prove g(10) =1079, for example, it would be necessary to prove some
inequality like G(10) £700. On the basis of an unproved hypothesis, Hardy
and Littlewood (loc. cit.) have shown that G(10) would be =21. It seems
likely, then, that a far less drastic assumption would be sufficient to prove
£(10) =1079 and this assumption may be capable of proof.

The possibility of evaluating the constants of the Hardy-Littlewood
analysis was suggested by Professor L. E. Dickson. The case of fifth powers
was considered in the author’s doctor’s dissertation written under Professor
Dickson’s direction at the University of Chicago.

2. Notation. We shall use the following notation throughout the paper.
Let

T (m) =the number of divisors of m;
w(x) =the number of primes <x;
¢ (x) =the sum of the logarithms of all primes <x;
[x] =the greatest integer <x;
{#} =min (@~ [«], [x]+1-2);
M(p*, n) =the number of solutions of the congruence > _i..4:* =7 (mod *);
N(p*, n) =the number of solutions of the same congruence in which not
every k; is divisible by p (primitive solutions);
k=aninteger>6;a=1/k; K=2*1';4=1/K;
¢;=a small positive number,7=1,2,3;7:=1/¢;,2=1, 2, 3;
s=[H+1+(1—a)m2)k2*2¢) (1—De) ] +3;
) sa=[((k—2) log 2 —log k+log (t—2)) (log k—log (k—1))']+4;
A=24+4+(1—a)"%¢;
0= ;he highest power of a prime p which divides k;
_JO+2if p=2, . D.
YT\ O+1if p>2; pr=F;
(a, b) =the greatest common divisor of @ and b;
r=(P-1)/(p—1)) (&, p—1);
7(n) =74,.(n) =the number of solutions of Y ;. k¥ =n, h;=0;
p=e¢’ritle (b; Q) =1;
S, =Z£-1P'¥;
A(Q)=Ar.(g,7)=¢"2_,Sip~7, where p ranges over all primitive
gth roots of unity;
X» =Z? -od (P‘) ’
@(i’ k’ S, w) =Z‘:-1A (9))
f@) =250
¥,(®) =T(1+a)gS,(14+2 71 (a(a+1) - - - (a+7=1)/51) (*/p)9);
¢,() =T(1+0)qg7S, 2 mpir(a(a+1) - - - (a+7—1)/7) (&/0)7;
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) Y, (x) =¢,(x) +¢,(x) =T'(1+a)g~'S,(1 —x/p);
o(j) =r(j) — (I*(1+a)/T'(sa)) (T(sa+5)/iNS(5, k, 5, n°).

The letters A, , b, B, ¢, C are numbered in the same way as the correspond-
ing letters in paper L, while the letters G correspond to the C of paper G.

3. Preliminary theorems. We shall not repeat the proof of a known
theorem if the constants involved are explicitly given in the original proof.

THEOREM 1.* For every ¢,>0

T(m) <4 1ma,
where

27(m). (3/2)7(@IDW). (4/3)*CWIDW) . . .
exp (@™ +8((3/2)" +8(@/3Am+ - )
THEOREM 2. (L, Theorem 112.) For £22,
aif/log £ < () < ast/log &,
where 8a; 2log 2 and a2 <7 log 2.
Since

A1=

[7] — 2[+/2] <n—2(n/2 — 1) = 2
and the left side is an integer, it follows that
) [2] = 2[n/2] = 1.

Let n22. For every prime p <2n let f denote the greatest integer such that
P/ S2n (ie., f=[log (2n)/log p]). We show first that

2n)!
@) s &2 1.

w<pS2n nin! | p52

The first part of (4) follows at once since every p for which # <p <2# divides
(2#)! but not n!n!. Also, since the highest power of a prime p which divides x!
is

2 la/pm]

1SmS logz/ logp

(see, for example, L, Theorem 27), the highest power of p which divides
(2n)Y/ (n! nl) is

2':1 (12n/p=) = 2lo/p"D 5 £ 1 =1

* S. Ramanujan, Highly composite numbers, Proceedings of the London Mathematical Society,
(2), vol. 14 (1915), p. 392.
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by (3). This proves the second part of (4). Next, the left side of (4) has
w(2n) —m(n) factors each >, and the right side has 7(2#) factors each <2n.
Hence

nT@n)—7(n) & H =< (2n)! < H P < (2n)ram,

n<pS2n nin! » pSen
(x(2n) — x(n))log n < log ((2n)!/(n!n))) < x(2n) log (2n).

Therefore

(w(2n) — =n(n)) logn <.log(<2:>) =< log i(ZJn))= log 23* = 2nlog 2,

1

(5) x(2n) — m(n) < 2(log 2)n/log n = ayn/log n;

and
2 n
x(2n) log (2n) 2 log(( ")) ~ log ( 11 1".1)
n =1 ]
2 log(H 2) = log 2* = n log 2,
j=1
©) x(2n) 2 n log 2/log (2n) = n log 2/(log n + log 2)

= nlog 2/(2 log #) = as n/log n.
From (6) when §24
*(§) 2 7(2[¢/2)) 2 aut/2]/10g [¢/2] 2 et/ (410g §) = ast/log §.
When 2<£<4 we have
7(§) 2 1 = ((log 2)/4)(4/10g 2) 2 ((log 2)/4)(¢/log £).

Hence for all £22,
w(§) > ait/log &,

where 8a; =8 min (as, (log 2)/4) =2a4=log 2. This proves the first inequality
of the theorem.
Now, since 9=2+2(n/2—1)<2+42[n/2] it follows from (5) when =8
that
x(n) — 7(2/2) = x(n) — x([n/2]) < 2 + = (2[s/2]) — =([+/2])
< 2+ as[n/2]/10g [n/2] < 2 + am/(2 log (/2 — 1))
= 2 + am/(2(log (3 — 2) — log 2))
= 2 + (as log 7/(2(log (1 — 2) — log 2)))(n/log n)
= (log 8/4)(8/log 8) + (as log 8/(2(log 6 — log 2)))(n/log n)
< ((log 8/4) + (as log 8/(2 log 3)))(n/log 7).
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When 2 <79 <8 we have

(1) — =(1/2) < 2 = (log 8)2/log 8 = (log 8)n/log n.

Therefore for all =2
m(n) — 7(n/2) = arn/logn

where a7 =max ((log 8/4)+ (s log 8/(2 log 3)), log 8) =log 8. Then
x(n) log 1 — «(n/2) log (1/2) = (w(n) — w(n/2)) log 1 + 7(1/2) log 2
< ar(log n)y/log n + n(log 2)/2 = (ar + (log 2)/2)n = as.
For £=2 we have
x(£/2™) log (f_:'/ 2m) — w(g/2mH) log (§/2™) < ast/2™,

2(®) log £ = 3 (r(5/27) log (5/27) — x(&/2™) log (&/2~Y)
Ma=(

< ag 2 (§/2m) = 2ast;
Mme=(
that is,
w(§) < et/ log &,

where a3 <2as=2(ar+(log 2)/2) =2(log 8+ (log 2)/2) =7 log 2.
THEOREM 3.* We have
#(x) < 6¢cx/5+ 3 log? x + 8log x + 5,
#(x) > cx — 12¢cx1/2/5 — 3 log? x/2 — 13 log x — 15
where ¢ =21/2.31/8. 51/6/301/30=0,92129 - - - .
THEOREM 4. (L, Theorem 264.) Let t.be an integer, m >0, 520, and

t+m

S = Z e3Tishh
Then e
|S|E < 4K(mx-\+ mE=% > min (m, 1/{sklhy - - - h,,_l})).
| YIRETI YHES §

THEOREM 5. The number of solutions of the equation
) Mhs - oy = v, 0L ki <m,
is at most Asme where A;=A}2 and e, is given by
® e(2) = 0; (k) = (B — e+ ea(k/2) + ea(k/2 + 1), keven = 4;
e(3) = 2¢; (k) = (k — Ve + 2ea((k + 1)/2), kodd = 5.
* E. Landau, Handbuch der Lehre von der Verteilung der Primszahlen, §22.
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(i) Let £=2. Then k=9 has at most 1=A4%2m%=4ms® solutions.
(ii) Let £=3. Then A,k =v has at most T'(v) solutions since 4, must divide v.
By Theorem 1,

T(v) < Aws < A 29 = Agms®

since v =hk,ks <m?. (iii) Let k be even =4 and assume that the theorem is true
for all integers<k. In equation (7) write

9 hihs - - - hoay2 = u,

(10) hjs - -+ by = 2s.

There are at most A%2-2ma*/D solutions of (9) and at most A %/2H-2paki2+)

solutions of (10). The equation v =9, has at most T'(v) solutions. Hence the
number of solutions of (7) is

< T(v) .Alk/2—2m¢a(k12).Alklﬂ—lmu(k/Hl)
< AlvﬁAlk—smez(k12)+¢z(k/3+l)

< ApmDag b-SpeakiD+ea(ki2HD) = [ gpeach)

(iv) Let £ be odd =5 and assume that the theorem is true for all integers <%.
As in the proof of (iii) with

hihg - - - h(k—l)/2 =,
Reerrya -+ Ber = v,
the number of solutions of (7) is
< T(v)- A, (D132 e5(HD D) 4 (1) 13-y ea((BH1)/12)

< Am=Da. 4 F-4p2e((HDID = 4gpea(®
COROLLARY. Let d = [log (k—1)/log 2]. Then
(11) e(k) = ((@ + 2)(k — 1) — 29)er.
(i) Let £=2 and hence d =0. Then by Theorem 5
€(2) = 0= ([d+ 2)(k — 1) — 2¢+)¢.

(ii) Let £>2 and hence d>0. We have 2¢+1<k <24+, Assume that
(11) is true for all integers <2¢+1. If & is even and <24+ we have

214 1 < k/2< 24— 1,
214 2 < (B4 2)/2 S 29,
By (8)
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a(k) = (2 — e + (@ + 1)(2/2 — 1) — 29e + ((@ + 1)(k/2) — 29)e
= ((d+ 2)(k — 1) — 2¢)q,.
If k=241 we have k/2=29, (k+4)/4=24"+1 and
e(k) = (£ — e + e2(2/2) + e2(k/2 + 1)
= (k — 1)er + ea(k/2) + (k/2)er + 2ea((k + 4)/4)
= (k= Da+ ((d+ 1)(&/2 — 1) — 2%)ex + 2% + 2((d + 1)(&/4) —2%)es
= ((d + 2)(k — 1) — 24+1)¢,.
If % is odd then 29141 < (k+1)/2=<24 and we have

ea(k) = (k — 1)er + 2ea((E + 1)/2)
=(k—Da+2(@d+ 1D)((k+1)/2=1) = 29«
= ((d + 2)(k — 1) — 2¢+))¢,.

THEOREM 6. (L, Theorem 266.) Under the hypotheses of Theorem 4,

i1
|S|E< Cgme (m“‘ + mX—* “E min (m, l/{zv})),

vl

where Cs=4%4,.

In the summation in Theorem 4 write k!kk; - - - ey =v. By Theorem §
each v appears at most 4,m = times. Hence

b1
>, min(m, 1/{zklhy - - - hir}) S Agme ME min (m, 1/ {s0}),

Ryveoe Rpm gl el

|S|x<4x(mx“ + mEbams S min (m, 1/{zv}))

ve=1

kimk—1
=< 4“A,m"(m“-l + mE—% >~ min (m, 1/{21:})).

Va1l

THEOREM 7. Letx =1, b>0. Then for every €3 >0,
b+ log x < Asxes,
where A3 =1/(ese'>4).
Consider the function
y = (b + log x)x—*, ¥ = (1 — e3(b + log x))x1—e3,
¥ = — (& + (1 + &) (b + log x))x—2—.
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We have y'=0 when x=o or b+log x=1/¢;. The second value gives a

maximum. Hence
max y = 1/(ee!=%),

b+ log x < x3/(esetbe3) = Agxes.
4. The singular series. The series
& =&, ks, ©) = 2 A(g)
q=1

is called the singular series. In this section we show that &=]],x, and from
this that & > b,. We shall follow closely part 6, chapter 2, of paper L.

THEOREM 8. (L, Theorem 293.) Let n=mnopt**+ <0, where 20, 0 <0 <k,
(1o, p)=1. Let ty=max (Bk+a+1, Bk+7). Then

(12) A(pY) = 0 when t > &,

8—1
(13)  xp = PIUN(P,0) 3 pChn  prO-0 PI-sN(P, n/p),

am=(0
where the summation is omitted if 3 =0.

Remark. This theorem shows that the terms of the series x, =2 g0 ($*)
are all zero after a certain one. Also, since everything on the right side of (13)
is positive or zero it follows that x,=0. If p{2kn we have y=1, B=0=0,
to=1 and thus x,=1+4(p).

THEOREM 9. (L, Theorem 301.) For s=r and every n#£0 (mod p),
N(P, n) > 0;
Jor s=r41 and every n,
N(P,n) > 0.
COROLLARY. For s2r+1 and every n,
N(P, n) = P+—r1,

In the congruence

(14) ht+ht+ -+ hE=n (mod P)
write n,=n—ht,s— - - - —h,. By Theorem 9 the congruence

B+ B = (med P)
has at least one primitive solution. Since %,., - - -, b, may be chosen ar-

bitrarily mod P it follows that (14) has at least P*—-! primitive solutions.
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TrEOREM 10. (L, Theorem 302.) If k25, s =4k, then
X» Z P77 = b(p).
For k=35,

k
(2042 = 1) = <4k p =2,

=1k
T —1(1;_6’ p_l>§ P11k
? o2 f p<anp>o.
p—1 & p-—1

Hence s=4k implies s=7+41 and from the Corollary to Theorem 9 we get
N(P, n)=P*—'. By Theorem 8 either x,=P"*N(P, n) (8=0) or x,
2PN (P, 0) (83>0). In both cases it follows that

Xp Z Pt Pl = P~ = b(p).
TaEOREM 11. (L, Theorem 307.) If g=9p*, plk, 2<t =<k, then
S, = p-1.
TeEOREM 12. (L, Theorem 311.) If ¢=2p, then
|S,] = (& — 1)prr2.
THEOREM 13. (L, Theorem 313.) Let T,=¢*"'S,. Then if qg=p', t>k,
T, = T,
THEOREM 14. (L, Theorem 314.) If g=7p',t 21, then
ITpI < { 1 ¢f p > css

C39 "always,

where cog =k ¢ g9 =k,

If p=e¥®/% (b, p)=11isa primitive p'th root of unity, then p#* =e¥rd/»*
is a primitive p*—*th root of unity. Hence in view of Theorem 13 we may as-
sume 15/<k.

(i) X ptk, 2<t<k, then by Theorem 11

|T,] = p= S| = potptt = pot S 1
(ii) If ptk, t=1, Theorem 12 gives
|T,] = 22S| s po1(k — Dp2 < hpoin,
(iii) ¥ p |k, then
|T,| = po=|S,| < pot-tpt < pot = p < k.
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It follows from (i), (ii), and (iii) that | T, | <1 when p >max (k2*/¢*~2 k) =cy
and for all p we have | T, | <max (1, &, k) =k =cs.
THEOREM 15. (L, Theorem 315.) We have
| T,| < cis and hence |S,| < cug~,
where log cis=(k—1) log k+as(k—2)k2/*-2/(2F),
When (g,, ¢2) =1 we have S,,,,=S,.S,, (L, Theorem 281). Therefore
Tpips = (0192)* "Sp10s = q1°725592°7'Spy = T, T,
For ¢>1 write ¢ =,1p5" - - - pi»=]]p:%. Then
'Tﬂl = HITﬂ-‘I = HllTpa'l : H2|Tn.~vl : lItlTp‘l,

where II, contains those p; for which p;|% and p; <css, II; contains those for
which p:/% and p;=<css, and II; contains those for which p;>css. By the proof
of Theorem 14 we have

ILI7.| = II &< key
Sk

ILIT. | = IT1=14

H2' Tm’l = H kpo—llz,

p>c8

pSoag
log [I: < 2. log k& = m(css) log B < ascss log k/log css (Theorem 2)
Pcss
= ag(k — 2)k2H/=D/(2k).
Hence when ¢>1

log | T,| = log]]: + logI]: + log]Is
< (k= 1) log k + ax(k — 2)k3*/ (=0 /(2k) = log cis.

¥ g=1then |T,|=1<cy;.
THEOREM 16. (L, Theorem 316.) We have

|4(g)| < brogte,
where by =c1s'.

We use Theorem 15:
IA(Q)I = Zlq‘lS,I ' L q(c“q-ﬂ)' = bq'—*e.
P

TrEOREM 17. (L, Theorem 317.) If p}n then

IA(P)| < bagplla—ei3,
where by =Fk*.
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TrEOREM 18. (L, Theorem 318.) We have

IA(p)I < bep'/3,
where bs; =max (bzo, bzz) =k,
If p}n Theorem 17 gives

IA(?)I < bagpt/2013 < baopt—2,
If p | n it follows from Theorem 12 that
|[4@)| < 2]27S, | = p(p7'(k — D)p)*
< k'ﬁl"‘“ = bzzpl_'/’.
THEOREM 19. (L, Theorem 319.) For s24,

&= 2 4
g=1
converges absolutely and
S = ]I xs-
b4

THEOREM 20. (L, Theorem 320.) If pin then

IXP —_— 1| < 1,281,1/2-./2’

where bys=max (g, bss) =bs=Fk".
(i) Let p{(2k). By the remark after Theorem 8 and by Theorem 17,

|xo = 1] = |A(®)] < baopr2—+r2.

(ii) Letp| (2k). Then since pfnwehave 8=0and #=max (1,y) <k.By(12)

to k k
lxp = 1] = EA(p*)| < s 3w
taml taml te=1
2R — 1
=2k~ < ki
2k -1
2k+1pk 2k+1pk
(2k)l/2—0/2 L _— Pll2-ll’

= (2k)12—s12 = @k

= bz‘pllz"llﬁ .
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THEOREM 21. (L, Theorem 220.) Let D,(m) demote the sum of the mih
powers of all primitive qth roots of unity. Then

Dym) = 2. d-u(g/d),

dl(g,m)

where

1 ifn=1,
u(n) = { (—=1)i if n is the product of j distinct primes,
0 otherwise.

COROLLARY. If p is a prime then

' — P if pt|m,
Dy(m) = { — ptif p* | m, pilm,
0 if pim.

Proof: Di(m) =3 _ajpt.m d-u(p*/d) and u(p*/d) =1if d=p*, u(p*/d)=—1
if d=p*1, and u(p*/d) =0 in all other cases.

THEOREM 22. (L, Theorem 321.) If p*{n then
Ixs — 1| < baspt~2,
where by =max (bas, bos, ba7) =14k,
If p}n Theorem 20 gives
[xp — 1] < baspl/3=212 < bagp'—2/2,

Hence we may assume p|#z and since p*/n we have =0, 1<o<k—1.
(i) Let p/(2k). Then y=1, fy=max (¢+1, 1)=0+1 and

o+1
(15) X» — 1=A(p) + 2 A(pY.
tem2
Also, by Theorem 11, §,=p*" since 2<t=<o+1=<k and then from the
Corollary to Theorem 21 we obtain

A = 2 (p7S)e = 2 (p)p

= p~*Dyp(— 1)
pt — p*! when p‘l n, that is,when 2 £ ¢ < o,
(16) =p* { — p=1 when pt!|m, ptfn, that is, when ¢ ="c"+ 1,
0 when p*~}n, which does not occur.

Therefore from (15), (16), and Theorem 18 we get
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o+1
|x» — 1] =| A(p) + EA(p')I

-| 40+ (St - 7))
te=2
= |A(P) _ ?“'I < bagypt—t!? 4 pi-e
< (b" + 1)?1—0/3 = b”pl—dﬁ.
(ii) Let p |(2%). Then f,=max (¢+1,v) <k and
k
[xs = 1] £ X (2B)* < bagpV /2412 < byypt—r/2,

tm=1
THEOREM 23. (L, Theorem 322.) We have
Xp > 1 -— bzspl—«./!’
where by =max (bss, byw) =1-+Fk".

If p*in, Theorem 22 gives x,>1—bup'~*2. Hence let p*|n, that is,
B$>0. (i) Let p >k so that y=1, P=p. Applying Theorem 8 twice we get

Xp Z PN (p, 0) = p'*N(p, p) = x»(p).
Since p*{p we have
Xp 2 Xp(p) > 1 — basp'~*/?
by Theorem 22. (ii) Let p <k. Then
Xp = 0 =1 — ko/2-1p1-el2 > | — pel2=1pl=s/3 = | — pyopl—e/2,

- THEOREM 24. (L, Theorem 324.) If p>(1+4k*)2 =9 =y then

x’ > 1 - p-./’o
By Theorem 23

X >1-— b”pl—oli =1-— (1 + kc)p!/i—n/lp—ll’ g 1 — p—ll!
when p > (14+k*)H0—9 =pq,
TrEOREM 25. (L, Theorems 325-326.) We have

S > by
where
bo= II 3(p) - IT (1 — p~*1).
pSbis P> b1

We use Theorems 19, 10, and 24:
© = HX7‘= H Xp ° H Xp > H b(p) - H (1 = p™%1) = b,.
P

pSbis p>bis pSbis p>bis



1934] WARING’S PROBLEM 409

5. The main lemma for the third Hardy-Littlewood theorem. In this sec-
tion we follow the methods of paper G. We shall assume that

m = 17 when k& = 6,

amn
m=D+ 2%when k = 7,

so that from (2)

(18) (B —2)282 4 b+ 2 < s <4(k— 2)2+2 4 4k,

As we shall see later our final choice of %, satisfies the conditions (17). It
follows from the second part of (18) that

K—-1 2s—2K K*4+K-12s_1

—- = = —

K 25— K K(2s—K) K3
2s — 2k 25— 2K BK-k K-k 1
25—k 25—K (25—k(2s—K) 25—K - K

We may then choose 6 =0(k, s, €) so that

2s — 2k 1
(19) -0 —,
25—k 2K3

(20) Kol 45t
K = 2K?

2s —2K 1
(21) g——— >
2s — K 2K?

The purpose of this section is to find an approximation for

2
fc ’f‘(x)—E ¥e(x) | | dx]

taken around the unit circle |x|=1. We divide the circumference into sub-
arcs in the following manner. On the circle we take the points p =€/« which
correspond to the Farey fractions * with denominators ¢ <#!-¢. The mediants
between two neighboring Farey fractions form the end points of our sub-
arcs. It is known that if «x is any point of an arc which contains the point p
then

x = peZtty = e?n(b/¢+v)’

* For the definition and properties of Farey fractions see L, pp. 98-100.
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where
— NSy

1/(2gn*=%) < y1 < 1/(gn*~), 1/(2gn*"2) < 33 < 1/(gn*™2).

The arcs for which n%<g=<#n'—e are called minor arcs and are denoted by m;
those for which 1<¢g=<n® are called major arcs and denoted by M. Each
major arc is further divided into two sub-arcs denoted by M, when |y|
<1/(2¢°n'-%), and by M, when |y|>1/(2¢n~%).

THEOREM 26. (G, Theorem 1; L, Theorem 140.) Let |y|<}, sz a
2 - 20. Then

N
Z a;et ivi | = ao/sin 7l'| yl .
=0

TrEOREM 27. (G, Theorem 2; L, Theorem 223.)
1/3 2 N .
f dy = X |a4|*.
—1/2

i=0
THEOREM 28. (G, Theorem 3; L, Theorem 262.)

N

E a’.ezﬂ‘w'

i=0

N 2
X rea(j) < GsNiste,

=0
where Gy=4(k—1)A,.

If & is even 74, 2(7) is at most equal to the number of solutions of A# +ks* =5
and this is
4 (= 1013 < 4T(5) < 44,5

ulj
u odd

by Theorem 1. If £ is odd,
J=ht +ht = (b4 h)(ht 1+ - - + BEY)
implies that %,+ 4, divides j. For each positive divisor d of j the two equations
hi+ha=d, bt +ht=j

have at most £—1 solutions in common since the elimination of ks between
them yields an equation of degree £ — 1. Therefore when % is odd

ri2(f) = (B — 1)T(G) = (F — DAy
Thus for all k=6
rr,2(j) S max (4, B — 1)Aj = (B — 1)A 5.
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Next, Zf'_o 71,2(7) is the number of solutions of k,*+k*<N, k20, ha20.
Since h, = N¢, ks < N¢, this is at most (14 N°) (1+ Ne) <4N?%. Finally

E 1 4% g(]) < max Tk 3(_1) Z 7k 3(]) =< (k -— I)AxN“ ‘4N = GyNiota,
sSjsN

§=0 i=0

THEOREM 29. (G, Theorem 4; L, Theorem 277.) For >0 and j a positive
inleger,

re+1+j _
J!
where y(8) =4B(2°+1)efT' (B+1) is independent of 5.
It is known that*

21 <(8)5%1,

lim (8 + 1+ /(1) = 1.
Let ®(j) =T'(8+1+4)/(j15%). Then
3G) =1+ 3 (30— 1) — 3()),
ve=j4-1

(22) 20— 1) — &(») = 2(v — D1 — (1 + /)1 — 1/v)").

1= (e 2)0-2)
1= (4 2)(-
[1=C-C0)-C)5

+(G)-()s )
-0 )5-C3 )5+

If B is an integer this expression is
E(B-l-l) t B (ﬂ+1 ﬁz’“.
AV | v"“ 0’ —1 \¢ + 1

Next, suppose that 8 is not an integer. Since

* See, for example, Whittaker and Watson, Modern Analysis, Chapter XII.
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Gi2)ern]s|CIN

when ¢2 [8]+1, and since
B+1 @+18--- (68— [8])
1= =
<[B] + 2) Blvar %
we have

(3 )7-C3 )5+
%(Hl)t s (B4

t+ 1/ g \[8] +2/ ot

BB+, Bl+1 &1
__Z(t+l)+ %

tm=1

v o v e 0

< (25.25+1 + 28 _L_)_l- < (28-26+1 4 4B8) i .
v—1/02 v?
Hence
(23) |1 = (1 4 8/9)(1 — 1/)8| < max (8-26+1, 48(26 + 1))v-% = ~,(8)v~2.
Also,
log®(v — 1) =logI'(B+ v) — log ((v — 1)!) — Blog (v — 1)

v—1
= tog((+v=1- - 6+ DTG+ 1) - Ttogn—slog 1)

ne=1

v—1

D (log (8 + n) — log n) + log (B + 1) — 8 log (v — 1)

n=1

v—1
< 2B +log(B+1) —Blog (v — 1)
Nl

v—1
§B+Bf widu + log T8 + 1) — 8 log (v — 1)
1

=B+pBlog(v—1)+logl'(B+1) —Blog (v — 1)
=8+ logT(B+1).

Therefore

(24) ®(v— 1) S fTB+ 1) = 7:(8).
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From (22), (23), and (24) we get
| 8@ — 1) — ®()| < 71(8)-72(8)v2 = ¥(B)v%;
IT@+ 14+ )/GIA —1] = |eG) = 1] =| T (26— 1) - ""””l

Y i1

< (8 i vis 'y(ﬁ)((j + )2+ f” u"du) <~(B)j.
i+1

vemjt1

CoOROLLARY. For >0 and j an integer 21,

T+ 1+ 7)/i! > v,
where vs=(1+v(1))1=(1412¢).
Since T'(8+2+7)=(B+1+j) I'(B+1+j) it follows that T'(8+2+j)/4!
Sqs#H if T(B+1+47)/7!>vy*? Hence we may assume 0<S8<1.
(i) Letj=1+4++v(1). Then
r@+ 147/ > 7 — vB)*1 > j# — v(1)#!
=71 + (1) + y(1)FAQ1 + y(1)7F — y(1)5
2 (1 + y(1))! = vs5%.
(ii) Let 1<j<1+v(1). Then

Fr@+14+7)/it=B+7) - B+2TE+2)/j!>jIT2)/jl=1
=1+ )+ 1)) > ;1 + 1)
2 751 + y(1))! = vas%.

TrEOREM 30. (G, Theorem 5; L, Theorem 267.) Let ¢ be an integer, m >0,
and

t+m
S= D p*.
Reat41
Then for every >0, €5>0,
Islx < Gymergs(mE—1 4 m&q~1 4 mE—kq),
whefe G4 = Cls = Sk! ClsA 3.
By Theorem 6 with 2=>5/¢q we have
kimt—1
(25) |s|® < c,,mex(mx—l + mE=* > min (m, 1/ {bv/q})).
V=]

Divide the summation into partial sums according to the j in
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bv = j (mod g), 0=sj=sq-1.
Since {61/q} = {bs/q} when b,=bs (mod ¢) we have
min (m, 1/{bv/q}) = min (m, 1/{/q}).
Each partial sum has at most k! m*-1g~141 terms and thus

klmt—1 ¢—1
2. min (m,1/{bv/q}) < (klm*1g~t + 1) 3 min (m, 1/{j/q}).

=1 j=0

Also

me(m, 1/{1/4})Sm+2(l/{1/q})5m+2 Z a/{i/a})

=0 Y1 13759/

—m+2 X (/G/0) <m+22gi1 S m+ 241 + log g)

1SiS o2 jm1
=< m -+ 2qA3q9 (Theorem 7).
Therefore

b1
klz min (m, 1/{bv/q}) < kl(m*'g~ + 1)(m + 24:g'*%)

vml
< 2RI Aygs(m*1g~t + 1)(m + g)
< 4kl Asqo(m*-1g~1 4+ m*-1 4 g).
Combining this result with (25) we obtain
| S|E < Crgmer(mE=1 + mE—k.4k| Asgs(m*1g~t + m*1 + q))
S 4k!ICisdgmerge(mE=t 4 mEq=t o mE—1 4 mE—hg)
< 8k!Ci1sdsmergs(mE=! + mEq~1 4 mK—kq).
We choose €; = €;/(10%) so that es+ke;=De,.
THEOREM 31. (G, Theorem 6.) On the entire circle |z | =1
[¥o(2)| < Genege,
where Gy=cis(I'(14a)+2av(a) (1—-6)4+(2a+1) (a+1)7).

We use Theorems 15 and 29:

Wa(@] = |7 | T + 0) + & SO + a + 7)/7)(a + )-Na/o)|

i=1

< ougs (ra +0) + a 330 + 1@ (e +J‘)“)

i=1



1934] WARING’S PROBLEM 415
< aur= (7 + o)+ o (1 +v(@)(o + D

+ f1 "G+ v(@)je) dj))
< clsq“(l‘(l + a) + a((14 v(a)) (@ + 1)~ + n2%~! + v(a)(1 — a)“))

< cug (Tt + 9 + o((1+ 7@)a + D71 + &+ 7(a)(1 = a=9) ) e
= Ggn®g°.
THEOREM 32. (G, Theorem 7.) We have
[6o(2)| <Gmo=tg=|y|~t; | W,(#)| <Gsg~o|y|~;

where Gr=3%aci(147v(a)), Gs=T(14a)css.
(i) By'Theorems 15,26, and 29,

6,8 < cua= T+ )| 3 (ala+1)-- - (a+7— D/iD(x/o)

jmntl
S ougT(1 +0)-a@+1) -+ - @+ n)/((» + 1)!sin 7| y|)
= cusg—a(n + 1)~XT(1 + a + #)/n!)(sin 7| y|)~
< cugonla(n® + y(a)n*1) (2] y|)
< 3ocis(1 + v(a))ne—1g=| y| L.
(ii) From Theorem 15 it follows that
[2,(®)] = [T + a)g'S,(1 — #/p)™
= TA+a)| - [qS,| - |1 — e¥iv] -2
= [T + o) - g5, [ - | ey — e7iv]| =
<ra+ 0)615T“| 2 sin 1ry| ~e
S T(1 + a)eusg*(4| y|)~* < Gag~2| y|~°.
TrHEOREM 33. (G, Theorem 8.) We have
[¥4()| < Gog= min (ne, | y]|~*),
where Gy =max (Gs, G:+Gs).
(i) Let|y|=1/n. By Theorem 31
|[¥s(2)] < Gemoq~s = Gsgmin (#*, | y|~*).
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(ii) Let |y|=1/n. From Theorem 32 we get
[9s(®)] = [80(2)] + [ 0u(2)] < Gmo=1g=e| y|~1 + Gog~| y|-*
= G|y =] 5|~ + Goge| y|
2G|y~ + Gogo| 5|
= G+ + Go)g~* min (n, | y|~).
THEOREM 34. (G, Theorem 9.) We have

2 f I'I’p'(x)lzldxl < Gypn¥e-1-2-2a
M, C-M,

where
2%8  2s¢ — 1 — (2sa —1)0 G‘h

" 2sa — 1 2sa — 2 — (2sa —1)6 e

GIO

The integral is taken around the entire circle with the exception of the arc M,
itself and the summation extends over all M 1-arcs.

From Theorem 33 we get

Jo

The exponent of ¢ is <—2 since §<(2sa—2)/(2sa—1) by (19). Also, for
each ¢ there are at most ¢ arcs. Hence

> [ w@ltlad

< MG (2sg — 1)~1.pMa—1-(Gse—ia 3" gl-Zest(2ea—1)0
13 gSne

L

I'l'n'(x)lzldxl < 2692'q-2'“f y~¥ady

1/(2¢9n1 %)
. zﬁaGszc(zsa —_— 1)—lnzm—l-(ha—l)Ooq—ﬁa¢+(2u—l)0.

§ 22’°G92‘(250 — 1)—l.n2lo—l—(2cl—l)da (1 + f"° ql—2c0+(2c¢-l)0dq)
1
< 229G (2sa — 1)71-pleo—1-@e—oe(] 4 (25¢ — 2 — (2sa — 1)8)71)
i Gmnha—l—(ha—l)va.
In the exponent of # we have
(2sa — 1)8a > ((2s — k)/k%)((2s — 2K)/(2s — K)) (by (21))

z ((2s — B/ (((k — DK — 2K)/((k — 2)K —K))  (by (2))
= ((2s — k)/E})((k — 4)/(k — 3))
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> ((k=2)K+2k+ (14 (1 — o) )kKes)(k — 4)
k2(k — 3)
>2a+24 4+ (1 — a)v % = 2a¢ 4+ .
Therefore Gpn®e—1-w—Db £ G pls—1-)—20,
THEOREM 35. (G, Theorem 10.) On m we have
I f(x)l < Gygno—od+edDe
where Gy3= (2w +1)2'+4GA.
Let 7(5) =X_3-0p", 720, 7(—1) =0. Then

n

(26) f(x) = gp»*(x/p)» = 36G) = 76 — D)(a/e)?

=0

n—1
= 2 r(N(x/p)i — (2/p)™) + 7(n)(x/p)"

i=0

= (1 = 2/p) Sr(i)(5/o)7 + (m)(z/o).

j=0

By Theorem 30 with m=[je]+1, t=—1,

ép” | < Gy([5°] +1)"q~:(( o] + 1x-

+ (el + DF¢* + (Le] + 1)“"‘q>
= Gu(27) g (%Y=t + (249%™ + (27°Y=*g)
S Gu(2n) g ((2n)51 + (2ne)5g + (2ne)<—4g)

[7()|x =

é G‘(Zno)cm(l—a)u(zx—l + 2K + 2K—l:)”AK—¢ ("a < q é nl—o on M)
< 2K'HG¢(7I(“)K"H'D“ (ez + (k - 1)6; < €+ ke = Deg);
¢1)) |.,.(]')| < QWAG Apa—ad+edDa
Also,
|1 - x/pl = |1 - e"""l = [e"'" - e“"”l = 2|sin 1ry| =< 21r|y| < 2x/(gn'~e).

Therefore from (26) and (27)

n—1
[f@)] = 11 = 2/o] Z|rG)| + | )]

=0
< (2nn/(qm=*) + 1)(25H4G A)ne-sa+esve
é (21!' + 1)2 l+AG‘Ano-oA+¢AD| 1,
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THEOREM 36. (G, Theorem 11.) We have

z f |f*(2)| 2| x| < Gagmree—,

where Gy = 2"+“GsG13z’-‘.
By Theorem 35,

T [ 1@l del s max @] 2 [ 176 dx]

(28) < Gr—ip (=0 a—(ar—4) 1-Der)ad 1/2| F(eriv)|2d
13 i Y.

But f2(x) =3 imoR(j)2%, where
R(j) = re2(h), 0<j=mn;
0 = R(Y) = n.2(h), n<js 2n;
and by Theorems 27 and 28,
1/3 2n In
f ||y = T RG) = X rra(f) < Ga(2m)reres,
-1/2 =0 =0

Combining this with (28) we get
; f ,,,I f'(x)l sldxl < G:;“G‘ . Q2ateryy (30—4)a—(2e—4) (1—Den)ad+2a+e1

The exponent of n equals
2sa — 1 — ((2s — 4)(1 — De1)ad — 1 — 2a) + ¢
=2sa — 1 — ((25 — 4)(1 — De)) — (k — 2)K — 2k
-(14+0- a)"")kKe1>aA —24 — (1 —a)'* 3

S26a—1—24 — (1 —a)2g (by (2))
=2sa —1—2\

and the theorem follows.

THEOREM 37. (G, Theorem 12.) We have
| /(%) = ¥o(#)| < Gisgt~4+4P41.max (n] y], 1),

where Gis=(2r+1) (2(3G)4+7v(a)).
As before
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n—1

29 1) = (= 5/3) 5 )l oY+ )/
0 = 5,0 = o/ g‘of(m + o+ /il
@+ o+ m)/m)(a/))
(30) = (1 = o/p) 3 ) (a/e) + o (e .

i=0
Each 7(7) has [je]+1 terms and so may be written as [j2/g] partial sums
each equal to S, and [je]+1— [j2/¢]g<g further terms. Then by Theorem
30 with 1=0, m=<gq,
|7G) = Lie/alS,| < Gtgerta(qnt 4 gt 4 =gt
< (3G)AgaPert1—4 (ea+ & < €2 + ke = Dey);
|7G) = G/@)S,| = |+G) = [i/alS,| + |S,|
(31) < 2(3G()Agi-4+aPer,
Since by Theorem 29
IT( + o + /5! = j¢| < v(@)j** = ¥(a),
we have
(32) () = jogS,| = |qS,| [T + 0 + /i1 = jo| < x(a).
From (31) and (32) it follows that
|7G) = 2G| = |7G) = 7°¢7S, + j°¢Ss — 2G|

= |0) =S| + [00) — jogs)|

< 2(3G)Agi-4+aPa 4 y(a)

= (2(3G)4 + v(a))gt—4+4Pa,
Then from (29) and (30)

n—1
|(x) = ¥u(@)| = |1 = 2/0) 22((G) — v(D)(&/p)? + (r(n) — v(n))(x/p)

j=0

< |1 = /o] S|rG) = o) + |+(mw) — o(m)]

=0
< @mnly| + 1)(2GBG)A + v(a))g-4+4P4
< (27 + 1)(2(3G)4 + v(a))g*~4+4Pe1.max (n] y|, 1).
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TrEOREM 38. (G, Theorem 13.) We have
) f If'(x) - p’(x)l’ldxl < (G2e + Gaog)ndse—1—2
M, YM,

where
o = grorige B H D3 = (5 + 1 = 251 = D))
‘ 18'(2s + 1)(25 4 2 — (25 + 1) — 25(1 — Des)A)’

Gy = 231G G2* (2sa — 2a — 2)(2sa — 3 + 2(1 — De1)A) .
1879 (2sa — 2a — 3)(2s6 — 4 + 2(1 — Dey)4)

Write ®,(x) =f(x) —¢,(x). Then
[£2(2) — vt (2)|* = | (Bo(2) + ¥u(2))* — ¥,2()|?
= 8,8 @ + -+ (@)
< | @,(0)] 2-234(| @,(2)| 22 + |Wu(2)| 2-Y)
= 22(| &,(2)| * + | &,(2) || vu(®)| ),
where by Theorem 37
| 8,(x)| < Gisg*4+4P*1 max (n|y]|, 1).

Hence from Theorems 37 and 33 we get
S 170 = vl an
< 21s ( cpp 3 4 q)p 2 p 26—2 )
[, 10@imlas] + [ 1ncoltncal o

1n 1/ (¢’ nl90)
< Zirl-lG:;qﬁt—h(l—Dq)A( dy + n2* f y"dy)
1

[} /n

in
+ ZQ&IG:SG::—qu—ﬁ(l—Du)A—(2.—2)0 (”zm—aa dy

1]

1/(Pnl—00)

+ n? f ya—(ac—z)ady)
1/n

< zﬁﬁngqzc—h(l—Dq)A(n—l + nﬂc—(20+l)(l—0¢)q—(20+l)0(2s + 1)—1)
+ Zzﬁngstt—iqﬁ-ia—ha—z(l—Dq)A(”ha—l—-2¢ + na+(u—a)¢—a((zs — 2)0 _3)—1)

< G””(20+1)0¢—lq20—(20+1)0-—-2' (1—Dey)4 + Gmnaoa—-l—-?aqﬁ-’a—ha—z (1—Dey)A ,
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where
Gag = 22H1GH(2s + 2)(2s + 1)1,
Gy = 2+1G2GI%(2sa — 2a — 2)(2sa — 2a¢ — 3)71.

The exponent of ¢ in the first term is
>D2—=(2s+1)0—-2s4A=(1—-0—A)2s—=0>—0>—2 (by (20)).

The exponent of ¢ in the second term is <2-+42a—2sa < —2 since 2s >4k +2.
Thus

f I fi(zx) — 'I/p'(x)l ldxl <ngn("+1)’“‘12 q1+2.—(a.+x)o—z.(1—nq)4
M, g=1

+ Gsondro—1-3a Z g+e—210-2(1-Den)4
gqm1

< Gggn"""l)‘“‘l(l + f Mq1+a.—(a.+1)o—zc(1—1>u)4dq>
1

ne
+ Gsonzu—l—ﬂa (1 + f q3+2¢—2m—2(1—Du)Adq)
' 1
< G””(ﬁ&l)Oa—l . ”2¢+2sa-(2t+1)90—21(l—Dcl?oA

X (14 (25 + 2 — (25 4+ 1)0 — 25(1 — De;)4)™Y)
+ Gaon?*e~1-25(1 + (2sa + 2a + 4 — 2(1 — Dey)A)™Y)

é 624”250—-1—(2:(1—D01)¢A—ﬂa) + stnﬁla—l—la.
In the exponents of # we have
2s(1 — Dej)ad — 2a > (25s — 4)(1 — Dey)ad — 1+ 2a = 24 + (1 — a)*r %
as in the proof of Theorem 36; and
2s¢ =1 —-20=X2sa—1—24— (1 —a)'* 3% = 2sa — 1 — .
This completes the proof.
THEOREM 39. (G, Theorem 14.) On M,
|f(x)| < Guna—a—wquq—4| yl—A ,
where G, = (2w +1)21+24+Hext20) 4G4,
On M, we have
x = ity 1 < g < no;

1/2¢n~) < |y| < 1/(gn®),  2/(q|y]) > 1.
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From the theory of Farey fractions* it is known that there exist integers b,

and ¢; and a number y,; such that
Watyn=b/g+y, 0=b=qa=2/@ly), (ug=1

(33) [y1] < q|y|/q0)-

It follows from (33) that |y,|<1/(2gm) and so we cannot have n*<g,
=n'-, for if this were the case x would be a point of a minor arc m. Also,
1 <¢:=<n°is impossible when » >2*, since otherwise

[og1 — big| = g1y — 3| = qqa| 9| + gq1| 31| < gqal ¥| + *| 5]
=(¢+ QI)IyI < 2n“q/(qn1—¢) =21 < e < 1,

and therefore bg; —b1g=0. Since (b, ¢) =1, (b1, ¢1) =1, we have ¢:=g¢, by =b,
Y11=y, |y1|—q|y|/ql>q|y|/(2q1), which contradicts (33). Hence, ¢, >n'"®.
Write py=e®ia 7,(5) =D hopi®,

n—1
(34) @) = 1 = x/p1) 20 11()(&/p1)? + m1(m)(x/p1)™.
=0
By Theorem 30 with g=g¢,, m = [j2]+1, t=—1,
[rD] & < Gu(lie] + Deagu(([ie] + DE1 +([e] + DEg + (o] + DE*q1)
< GA(Zja)equea((zja)K—l + (ZjG)Kq—l + (Zja)K—kql)
é G4(2na)uql¢a((2”a)K—l + (Z”a)Kq—l + (2”4)K—kql)
< G42unmquu(21{—l + 2K 4 2K—k)nax—lq1 (QI > nl“')
< 2K+lhert2aG gaK—1+aDer. ) o1 |y ]-1 ;
(35) |1'1(j)| < 21+2A+(¢ﬁ?ea)AGAAnc—(l—aDq)Aq—Al yl-A.
Also,
|1 - x/p1| = |e"'”l — e""’l| = 2sin 1r| y1| < 21r| y1| < 2mqi? < 2mmded,

Then from (34) and (35) we obtain

n—1
[/ = [1 = /6 Z [mD] + [ ()]
< (2rn-n2-2 4 1)21+24+H( 200 AG Ao l-abu)Aq—AI yl"
< Galna-(l—aDq)Aq—AI yl 4,

This proves the theorem when # = 2%, If n <2* we have
* See the footnote at the beginning of this section.
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I f(x)l < n8 = p—aDe1)d—(4—ad) ya—(1~aDe1) . yd—ad
< 2k(l-—aDq)A—k(A—aA)na—(l—aDq)q-Al y I -4
< Gnna—(l—aDq)Aq—AI yl—A .

TraEOREM 40. (G, Theorem 15.) We have

If‘(x) I 3| dx' < G3s nha—l—)‘,
My My
where Gus = 224Gy (254 —1)7 (254 — (254 —1)0+3) (254 — (254 —1) 6+2)~".

By Theorem 39

J.

| f.(x)laldxl < 2G3m2ee-2e(1-aDendg—2ed f e y~24dy
y@g% %)
. ch’lnha—h(l—aDu.)Aq—ZnAzzaA—l(zsA —_— 1)—1”(234—1)(l—-Oa)q(’al—l)O

. 220A(23A —_— 1)—1G§{n2to—-l—(2:A—l)0¢+2caAD¢|,q—2oA+(hA—l)0.

Since the exponent of ¢ is > —2 by (21), we have

> [ el

ne
< 2M4(254 — 1)—1G§'lnzm—1-—(2.4—1)oa+zmu>uE gl A+ (2ed-1)0
q=1

< 24(254 — 1)-1GYn2eo—1-ed-10a+1s04Dey ( 14 f ".ql""“"'"“‘”'dq)
1
< 214(25s4 — 1)"1Gyn2ea—1-(2s4—1)ba+20a4Dey
X (1 + ((2s4 — 1)8 — 254 + 2)~ln@sd—Doo—2034+20)
< 2904(254 — 1)-1(254 — (254 — 1)8 + 3)(254 — (254 — 1)0 4 2)-!

X Gnnzm—x—(z.(x—p.uu—zu) .

As in Theorem 38 we have 2s(1 —De;)ad —2a >\ and the proof is complete.
THEOREM 41. (G, Theorem 16.) We have

J.

where G1=2(G1w+Gu+Gu+Gus+Gis). The summation extends over all p
for which 1 <q<n°. There are Y uw1(q) terms in the sum.

fi(x) — X ¢ (%) ’I dx| < Guueeth,
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)

We may write

r@ = @l == [ 19~ S]]
+2 [ 7@ - Zee@llasl
Mgy My

+ 2 | 1@ =@ — )| ds],

M, YM,
the accent indicating that the term which corresponds to M, itself is omitted
in the summation and written separately. Using the inequality

N 2
SE|=NY|Elr

1

we obtain
J 17— St az]
<2 [ Ir@ltlasl +22 [ | Su@llaal
+22 [ Ar@llad +23 [ | Soe)]ax]
My, Y M, My, YoM,

+23 ) | £2(2) = ¥,°(2)|?] d=|

M,

+2X . | 2,0 (%)| % d=|

M,

<22 [ Ir@ltd + 2w S [ Zlbew)el

+22 [ 1pr@lldal + 22 [ Tlwe)| sl
My My My

My
+23 [ 15 = @l dasl + 200 [ g os]
M, YM, M, YM,
=23 [ @l +23 fuzlf'(x)l’ldxl
+22 [ 1@ =@l + 2= 2 [ @]l
M,y My Yo-M,

M,

To these terms we apply Theorems 36, 40, 35, and 34, respectively.
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Then

J.

THEOREM 42. THE MAIN LEMMA. (G, §9.) We have

2
f1(x) = 20 0 (2)| | 42| < 2Gio + Gis + Gag + Gis + Gag)mdeo—1>,
P

il a(j) l 2 < Gntre—1-A,
jm1

We note that
¥,'(x) = I'*(1 + a)¢g~*S,* X the first # + 1 terms of (1. — x/p)**
-+ a finite number of terms with higher powers of x/p
= 1ot + )5y (145 Galoa + 1) -+ o+ 5 = /i0Ge/o)Y)
=1
-+ higher powers
= (T*(1 + a)/T(s0))g~*S,* 2 (T(sa + 7)/i") (/)
=0

+ higher powers;
3 4(@) = (O + 0)/T(a)3 (s + /7)) X X S, i

70 q
+ higher powers
= (I"(1 + 0)/T'(s0)) 2_ (T(sa + j)/iN&(, &, s, n*)=i
=0
< higher powers.
Also,
fo(x) = 14+ > ri..(j)x" + higher powers.
Hence =

fo(x)— 2 ¥,4(x) = 6(0) + X o(j)x7 + higher powers.
» j=1
By Theorem 27,

1/3 n
f |f1(er7é) = Zur(emin)|2dy = 30| o()|* + a positive quantity,
—-1/2

j=1
Therefore
hid 1/2
EI G’(j)| 2L f |fc(eﬂﬂ’y) —_ Ewpc(eiﬂ‘y)l ady < Gln’"'-l-’\
J=1 —1/2

by Theorem 41.
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COROLLARY. Let
ao(j) = (T*(1 + a)/T(sa))(T(sa + j)/FNS(, k, 5, ).
Then
ﬁ)laoo)l 3 Agniee1r

where Ay=2G,+2(I'*(1+a)/T*(sa))(sa/(sa—1))2(2sa/(2sa— 1)) bis*ys*(sa—1).
By the proof of Theorem 4 we have

|oo(d) — ()| = @*(1 + 0)/T(sa))(T'(sa + 7)/iN|S(, %, s, ©) =S, &, 5, n%)],
los)| < |G| + (T(1 + @)/T(sa))valse — 1)j*=2 35 | A(g)] .

g>na

Also, by Theorem 16,

> IA(Q)l < byo E gt = bn(ﬂ““"“) + f q“‘“JQ)
g>ne g>ne ne

< bi(sa/(sa — 1))ne@3-sa),
Hence

loai)|? < 2|o(]*
=+ 2(T%¢(1 + a)/T3(sa))(sa/(sa — 1))2b18 v# (sa — 1)nde(3-e0)j200-2

3l ea(i)|? < 2Gumaee->
- + 2(T*(1 + a)/T*(sa))(sa/(sa — 1))%1s*v4 (sa — 1)nte—e®

x (f "jzm—zdj_i_ nzm—ﬂ)
1 A

< 2Gm*ee=17r 4 2(I'%(1 + @) /T(sa))
X (sa/(sa — 1))3b1¢v2 (sa — 1)(2sa/(2sa — 1))n2ee—1-2a(ea~2)
é A4n2m—l—)\'
6. The third and fourth Hardy-Littlewood theorems. In this section we

again follow paper L in the proof of the third and fourth Hardy-Littlewood
theorems which are here Theorems 43 and 45, respectively.

TaEOREM 43. (L, Theorem 346.) Let H(%) denote the number of positive
inlegers j < & for which the equation

(36) ji= 2 h, ki 20,

t=1
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is not solvable. Then
H(§) < Cest'™,
where Cos=3A4/c105, c105 = (I'?*(1+a)/T'%(sa))22-225y,2b,.
By the Corollary to Theorem 42 we have for £22

[£]
(37) Z ‘ Uo(j)l 2 =< Zl o-o(j)l 2L A4£200—l—x.
§2<ist =1

In the summation Y /sc;st |o0(f) |2 there are H(£)—H(%/2) terms in which
7x..(j) =0. For these terms

|oo(i)|? = | (T*(1 + 0)/T(s0)) (T(sa + /)/7)S|? > (T*(1 + a)/T*(sa))v$ b} j**=*
(by Theorem 25 and the Corollary to Theorem 29)
= C104j2%2 > c104(£/2)2092 = cypsE2ee2.
In the remaining terms | o4(7) |2=0. From (37) we get

(HE — HE/ D)oot 2 < X |ao(f)|? < Adggree1,
£/2<is¢

H(§) — H(¢/2) < (Aafcros)E'™ = Cost .

This holds also when 0<£<2 since (36) is solvable for j=1 and then
H(t)—H(/2)=0. Hence for £>0 and every integer =0

H(E/2°) — H(E/27%") < Cos(§/2°)'7 = Cost™(27) 714
< Cogk! 272003 (1421 -=2/3),

H() = i (H(£/2%) — H(£/27+1)) < Cegt'™ i 2~20/3

v=0 v=0

< 3Ces$l_)‘ = CeeEl_)‘.

TeEOREM 44. (L, Theorem 348.) Let L, (n) denote the number of positive
integers j<n for whick equation (36) with s=s, is solvable. Then

Lo, (#) > Bign!=0-10) (=ait—(1—a)
where Biy=2"""¢2'Cn, cu=2"1"9(2°—1), Cn=2"1"2¢/((k—1)A,).
(i) Let s;=2. The number of solutions of the inequalities
(38) 1S bt + bt <, B =0,k =0,
is at least equal to the number of solutions of

(39) 0 é hl é (ﬂ/Z)a, 0 é hz é (n/2)", h1 + hz > 0.
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The number of solutions of (39) is
(Kn/2)2] + 1)2 — 1 > (n/2)% — 1 > n2e.2-1"% = gen®e,

whenzn >2@¢+1/(0) = ¢,5. For each positive integerj <nthe equationj=h} +h}
has at most (k—1)A,j41 < (k—1)A.n4 solutions by the proof of Theorem 28.
Therefore

Lz(ﬂ) > cmgn’“/((k - I)A ln‘l) = Cyniea

= 22323, ;1 (1-20) (1=a)* 2= (1-a)* ¢
11

(ii) Let s2>2 and assume that the theorem is true for ss—1, i.e.,
(40) L, _1(n) > Bayn'~(1-20) (—a)=t—(1—a)y3es
where Bso=23"*«*Cs. Consider all integers
(41) BE 2
such that
k is an integer >0, z is an integer,
(42) n/2<k*<(h+ 1)k <n 0<sz=nl-e,
z is representable in the form z=> 7' k¥, ;0.

Since (h+1)k—h*>kh*1>28%1>2(n/2)e¢*-D =2eyl-e >z we have h*<
h*+3z< (h+1)*. This shows that to distinct pairs of values %, z of (42) cor-
respond distinct integers (41). For suppose k¢ +2,=h# +2. Then

hit < hf + 21 = kE + 20 < (b1 + 1)F,

hE < bt + 20 = bt + 21 < (ha + 1)*
is impossible unless %, =74, and then 2z, =2,. Moreover, each of the integers

(41)is >0and < (k+1)* <n. Therefore L,,(n) is at least equal to the number
of pairs of values of %, z of (42). Since (#/2)*<k<n°—1 by (42), the number

of values % takes is
[#e] =1 = [(n/2)s] =1 >ne—2— (n/2)e —1 = 279(2s — 1) — 3
= 27179(28 — 1)ns = ¢yn®
when #>(3-21%%/(26—1))*=c¢;;0. The number of values z takes is
L,_,([n-*]). Hence from (40)
L, (n) > culna,L"_l([nl—-a]) > clunaBzo(nl-—a/z)l—(l—?a)(l—a)'!_'-(l—o)"_'q
> 2“cu

. Q8—e208-3C nl—(1—2a) (1—a)4~3—(1-a)4~2e1
1 m 7 ’

= an'l— (1—2a) (1—a)#—2—(1—a)*—2¢3 .
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THEOREM 45. (L, Theorem 350.) For s; as defined in §2 we have
(2 — 2a)4 > (1-— 2a)(1 — @)1,

THEOREM 46. (L, Theorem 349.) For s and s, as defined in §2 and every
integer n>C =max (Cios, C110, (Cos/B1o)*?™?), the equation

s+a2

(43) > hE =n, hi 2 0,
ta=]

has at least one solution. That is, every integer >C is a sum of s, kth powers Z0

when
So= s+ 52 = gi(k, ).

Let # be an integer for which (43) is not solvable and write # =n,+47,.
Then, since there are L,,(n) integers 7, < for which > ;1% s =n,, k20, is
solvable, there must be L,,(n) integers #,=#—n; <# for which

(44) 2k =m, ki 2 0,

t=1

is not solvable. For if (44) were solvable for one of the L, () integers #,, then
(43) would be solvable for # contrary to our assumption. By Theorem 43 the
number of positive integers <# for which (44) is not solvable is <Cesn!~>.

Hence
L,,(n) < Cen'™>.

By Theorem 44, when #>max (cies, ¢i10)
L, (n) > Bpn!=(1-20) (=) ~(1=a)" g
Therefore
Bignt=(1—20) (=)'~ (-0 < Cponlr ,
nk—(l—Za) (l—a)l;‘3_(l-a)',"q < CGG/BH;
7A—(2—20)4—(1—a)" ¢ < C“/B19 (Theorem 45),
1284 < Ces/Bio (\ =24 + (1 — a)"%,).
It follows that (43) is always solvable when

7 > max (cios, 110, (Ces/Bi9) ¥#?).

7. The solution of (43) for integers <C. The following theorem is well
known:
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THEOREM 47.* If every integer n for which f<n<h is a sum of s—1 kth

powers 20 and if m is the greatest integer such that

(45) (m+ 1)k —mk < b — f,

then every integer n for which f<n<h-+(m-+1)* is a sum of s kth powers 20.
THEOREM 48. For L= (k+1)k—k¥> k¥ we have

< 2k+(3>k+2<4)k+2(2)"+2<1)"+ EQE+T) 0
s — — — — —————————— —
? 2 3 3 2 9
Consider any integer # such that 0<n<2¥!—2 If n<2*—1 it is obvi-
ously the sum of 2¥—1 kth powers, 0 or 1. If 2<% <21—-2 we write

n=2¢+x, 0<x<2¥—2, and again » is a sum of 2¥*—1 kth powers since % is
a sum of 2¥—2 kth powers, 0 or 1. Hence every integer in the interval

0<n=2Hl—2=p
is a sum of 2¥—1=m, kth powers =0. Since 2*—1* <k, <3*—2* it follows
from Theorem 47 with m =1 that every integer in the interval 0 <n <k, 42*
is a sum of m,+1 kth powers =0. We repeat this step m, times so that every

integer in the interval 0 <# < h;+m,2* is a sum of m,+m, kth powers 20,
where

(46) ki 4+ (M2 - 1)2" S 3k -2k L by + M22k.
We now apply Theorem 47 m; times with m =2 and conclude that every in-

teger in the interval 0 < <k +m.2%+m;3* is a sum of m,+msy+ms kth pow-
ers 20, where

(47) hl + m22" + (ﬂts b 1)3" § 4k — 3k < h1 + m22" + m;3*.
In general every integer # such that
t
0< 7S+ D m*

=2
is a sum of 3 m; kth powers 20, where

—1 t
(48) M+ Zomygt4(mi— 1)FS 4+ 1)k — 5 < b+ D mygt.
j=2

=2
From (47) and (46) we get
me3k S AF — mgdk — by < 4% — 3 4 2k,
and in general from (48) when =3,
mson, loc. cit.
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t—1
mg* < P+ 10— DomgE— b < @+ 1)k — k4 (¢ — 1)*,

=2
(49) me < (14 0% =14 (1 — H)*,

Hence

ZM; <m+ms+ E((l"']-l)k- 1+ (1 =519

=m,+ma—<t—2)+2§ 1+( )— (4)]14+)
smsm 22 ()

R e
<mtm-0-2+(3) +(2)

T (MR
ORI}
()5 ()5+ (st)
=m,+m,+t—4+(i) +(—)
+=5— 2+ (5) +(5)

From (46), my2*<3*—h;=3%—2*14+2 and hence when =%k we get
L=(k+1)*—k*and

k 3 k 1 k
53 = }:m,-<2'=—1+(—) —2+2(—)
jeul

ero Q) 2

-2+ (3) +2(3) +(5) +2(%)"+5‘3%ﬂ-



432 R. D. JAMES [April

THEOREM 49. If every positive integer <L is a sum of s—1 kth powers 20,
then every positive integer < (L/k)* *=V is a sum of s kth powers Z0.

Since (L/k)*/*=b—((L/k)Y*b—-1)¥<k(L/k)=L, we may apply
Theorem 47 with m+1=[(L/k)Y/*-D]. Thus every positive integer
<L+[(L/k)VD]* is a sum of s kth powers =0, and L+ [(L/k)V/*+-D]*
2 L+((L/R)1I0-D 1) 42 (L/B) 1D, |

THEOREM 50. If every positive integer <L, where L>k*, is a sum of s; kth
powers 20, then every positive integer <C is a sum of ss+s4 kth powers 20,
where

[log log C — log (log L — klog k)]
sS4 =
! log & — log (k — 1)

That is, every integer <C is a sum of so kth powers =0 when
So 2 53+ 54 = go(k, @)

By Theorem 49 every positive integer < (L/k)*/*-D is a sum of s;+1 kth
powers =0. Write L, = (L/k)*/*~b and apply Theorem 49 again. Thus every
positive integer < (L./k)*/*~D =L, is a sum of s;+2 kth powers =0. Also,

L\ ¥/—1) Lk (k=1 \ kl(k=1)
Lz - (_) - (—-__—> ’
k ER/(—1)+1
log Ly = (k/(k — 1))*log L — (k/(k — 1) + (k/(k — 1))?) log k.

In general, every positive integer <L,, is a sum of s;-+s, kth powers 20,
where

log L,, = (k/(k — 1))*4log L — (k/(k — 1) + - - - + (k/(k — 1))**) log &
= (k/(k — 1))*4log L — k((k/(k — 1))** — 1) log k
> (k/(k — 1))*4(log L — k log k).

This expression is =log C when

log log C — log (log L — klog k)
S4 = .
! log £ — log (£ — 1)
8. Evaluation of the constants. We first prove three lemmas.
LeMMA 1. For w235 we have
A+ <22t 4 — 14 (w+ 1) log n.

j=1
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Let ¢=[w]+1. Then

A+ s204 f A+jY%dj <2+ f 1+ 5145
1 1

j=1

. . t\ 1 i\ 1 1 "

- (o= (5) 5 - (D) - ol

<2"+n—1+tlogn+(t)+<t)i+(t)-l—+---+—-1—
2 3/ 2 4/ 3 t—1

2w 111 +1+(t)l+(t>l
- )W — n —_— _— —
" 8 2 1/ 2 272

FROERRRE
(- (03

1+(t)1 <t>l+(t)l+(t)l>0
2 1/ 2 2/ 2 4/ 6 5/ 4
when ¢= [w]+12=6, we have

f‘,(l +i)0 <204 n—1+¢tlogn+ 21
= =204 n —1+ ([w] + 1) log # + 2t
S22 4 n—14 (w+1)logn.
LeMMA 2. For x 20 we have
(22 — 1)71 < (x log 2)1.
Consider the function
y=2x(2*— 1) 3y = (22— 1— 227 log 2)(2= — 1)73,

We have y'<0 when x=0. Hence y attains its maximum value when
x2=0. That is, max y=1/log 2 and the desired result follows.
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LemMA 3. Let ¢ be an integer 20. Then
log(¢N = (¢+1)logt—¢t+1.
We have

] ¢
log () = Zlogn§flogxdx+logt=(t+l)logt—t+l.
nel 1

The constants are now evaluated as follows.

(as) ay < 7 log 2 (Theorem 2).
(v(8)) v(8) = 48(2° + 1)eT(B + 1) (Theorem 29).
(va(B)) 7i(B) = £T(B+ 1) (Theorem 29).
(vs) vs = (1 + 12¢)! (Theorem 29).
(c1s) log cis = (& — 1) log k + as(k — 2)k3%/G=2/(2F) (Theorem 15).
(18) bis = (1 4 £2)3/—® (Theorem 24).

27D p = 2

o) o > { s, o2 (Theorem 10).

Proof: By the proof of Theorem 10, r <4k —1 when p=2 and r=2k—1
when p>2. Also, vy Sk, since for p>2

y=0+15205 <k

for p=2,0>1,
vy=0+2=520 5k
and for p=2,0=s1,
vy=0+4+2=<53<%.
Hence
2-kU-D p = 2
5p) = Prr=pmrr > { PR H > 2,
(D) log (1/b¢) < 2k% (Theorem 25).

Proof: From Theorem 25

be= Tl o) II (1 —p—).

pSb1s P>b1s

IL-v( I o), Ie=v( ILa-pm).

S bis P>b18

Let
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Then
H1§ 2k (4k—1) H prEE-D

35pSbys

log I = k(4% — 1) log 2 + k(2k — 1)8(b1s) — k(2k — 1) log 2

6 ) .
< 2klog 2 + k(2 — 1) (? chis + 3 log? bis + 8 log bys + 5)

6 (Theorem 3)
= 2klog 2 + A(2k ~ 1) (—5- o + k)-8

+ 3(2/(s — 5))*log? (1 + k*) + 8(2/(s —5)) log (1 + %*) + 5)

6
= 2k*log 2 + k(2k — 1) (—5— c23/85538/13 4 3(2/65)? log? (247°)

+ 8(2/65) log (2k7) +«5) (since s = 70 by (2))

< 2k% — log 3 (k2 6).

Also,
I, = 1/(11 A=p¥))= X33 <1+ f n¥3gn = 3,
P neal 1

Therefore

log (1/b4) = log I, + logII, < 2k* — log 3 + log 3 = 2k°.
4,) log 4, < 9e,2n (Theorem 1).

Proof: We have
log A, = =(2m) log 2 + #((3/2)™) log (3/2)
+ - —a@@2m) +HE/2)m)+ - ).
Since 7((1+5~")") =0 and #((1+7")™) =0 when (1+;-")" <2, that is, when
7>1/(24—1), we may write

log 4, = iW((l +i M log(1+57) —«a i0((1 +77m,

im=1 =1

where n=[1/(24—1)]+1. By Theorems 2 and 3
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n 1 s—1) 19
log 4; < a3 3, 1+ 5

—~ 47 1 n n . .
=1 mlog (1 4+ j-) og (1 +j571) el(cZ( + 1)

j=1

12 n n
—SeX (i - % > log* (1457

" jm=1 j1

- 13 Z":log (1 471 — 15(n — 1))

< (az—a@m*'4+n — 14 (9. + 1) log n)

12 .
+< 12w D12 4 gy — 1 4 (ny/2 + 1) log #)

3
+ 3- a(n — 1) log?2 + 13e;log (n + 1) + 15ei(n — 1)  (Lemma 1)
< (o = (@2 + (2 — 171 + (1 + &) log (25 — 1) + 1))

12 .
+ ? (512(01+2)12 + 61(2‘1 - 1)1 4 (1 + 61) log ((2el —1)-14 1))

+ %51(2‘1 — 1)~ + 13¢; log ((24 — 1)1 4 2) + 15¢;(2 — 1)-1
S (az — o)(a2mtt 4 1/log 2 + (1 + €1) log ((e1log 2)~1 + 1))
7 (@2 + 1/log 2 + (1 + &) log (e og 2)71 + 1)
+ 17¢1(e1 log 2)7! 4 13¢; log ((e1 log 2)~1 + 1) (Lemma 2)
< (a2 — c)(ei2mt! 4 1/log 2 4 (1 + €) log 2n,)
+ 1?2 (e12m+®/2 4 1/log 2 + (1 + 1) log 2n1)
=+ 17/log 2 4+ 13¢; log 3.
Since ap —c <4 this expression is <9e2m when 7 212. By (12)
m = 17 > 12 when %k = 6,
m =D+ 252> 20 > 12 when £ > 6,
and hence log 4:<9%¢2n.
(4s) log A; = (k — 2) log 4, (Theorem 5).
(4s) log 43 < log 71 + log 10k (Theorem 7).
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Proof:
log A5 = log (1/(ese’™%)) < log (1/es) = log (10kn,)

since 10ke; = €;.

(Cw) log Cis = (£ — 2) log 4, + K log 4 (Theorem 6).
(Gs) log Gs = log A, + log (4% — 4) (Theorem 28).
G logGy < (k — 2) log Ay + log 71 + K log 4
¢ + (k+2)log & — E+ 1+ log 80 (Theorem 30).
Proof:

log G, = log (8%!Cys43) = log 8 + log (k1) 4 log C15 + log'4s
<log8+ (k+1)logk—k+1+4+(k—2)logA:1+ K log 4

+ log 71 + log 10k (Lemma 3).

(Gs) Gs < 3cis (Theorem 31).
Proof:
Gs = cis(T(1 + @) + 2av(a)(1 — a®)™ ' + 2a + 1)(a + 1)) < 3czs.

(G) G < cis (Theorem 32).
(Gs) Gs < cis (Theorem 32).
Gy) Gy = max (Gs, G7 + Gs) < 3cis (Theorem 33).
Gw) G < 3-2%0tk-1G2e (Theorem 34).

Proof: We have .
25a—1—(2.m-—1)0S 2sa — 1 + 2K?

2sa—2—(2sa — 1)~ 2sa—1 (by (19))
(k — 2)K+ k + 2kK?
=T a-pr+r K O

Hence ' .
G = 2%°(2sa — 1)"Y(2sa — 1 — (2sa — 1)0)(2sa — 2 — (2sa — 1)0)"'G}*
< 3.2%0+k-iGRe,
Gu) Gis < 15G4 (Theorem 35).
Proof:
Gu = (2 + 1)2/MGA < (2r + 1)28/MGA < 15GA.
G1s) logGis < ((2s — 4)(k — 3/2)A 4+ 1) log A1  (Theorem 36).
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Proof:
logGis = (25 — 4) log Gis + log Gs + (2a + €;) log 2
= (25 — 4)A log G, + (25 — 4)log 15 + log Gs + (2a + €) log 2
<((2s—4)(k—2)4 4+ 1)1og A, + (2s — 4)A(log m + K log 4
+ (k+ 2)log 2 — k4 1 4 log 80)
+ log (4% — 4) + (2s — 4) log 15 + (2a + €) log 2
2lognm 2Klog4
log 4, log 4,
2(k+2)logk_2k-—-2+210g80 log (4% — 4)
log 4, log 4, log 4, (s — 2)A4 log 4,
2log15 (2¢ + €) log 2
Alogd, (s—2)4 logA1>'

Each of the positive terms in the coefficient of (s—2)A4 log 4,is <1/7 when
m=2k and thus

logGis < ((2s — 4)(E — 2)A + 1) log A1+ (s — 2)A log Ax

=(2s—4)(k—=2)A+1)]logAd,+ (s — 2)4 logAl(

since 91 >17>12=2k when k=6 and 5, >2%3%>2k when k27.
(Gis) Gis < 25G4 (Theorem 37).

Proof:

Gis = (2r + 1)2GG)4 + v(a)) = (2r + 1)(2-3V3%GA + 7(1/6))
= (2r 4+ 1)(2:392 4+ 4(1/6))G < 25G¢.

(Ga4) log Gay < 2s(k — 3/2)A log 4, (Theorem 38).
Proof: We have

254+22s4+3—(2s4+1)0—25(1 —Des)4 25+ 22s(1—A4—-06)+3—96
254+1254+2—2s+1)0—25(1—De)4 2s+125(1—A—6)+2—8
2s+23—9

Hence

Gou = 22041 (2s4+2)2s+3—(2s+1)8 — 2s(1 — Del)A)G?ﬁ < peviGH
(2s + 1)(2s + 2 — (25 + 1)8 — 25(1 — De))4)
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logGae < 25slogGis + (25 + 2) log 2 < 254 log G4 + 2slog 25 + (25 4 2) log 2
= 2s(k — 2)4log Ay + 2sA(logn: + K log4 + (k+ 2) log &
— k4 1+ log 80) 4+ (2s + 2) log 2 + 2s log 25

2lognm  2Klog4 2(k+2)logk
lOgAl log A lOg A,

= 2s(k — 2)Alog A, + s4 logAl(

26—2 2log80 (25 + 2)log2 21og25)
logd,  log 4, sAlog A, Alogdi)’

As before the coefficient of s4 log 4, is <1 and thus

log Goy < 25(k — 2)A log A1 + s4 log 4;.
(Gas) log Ggs < 2s(k — 3/2)A log A, (Theorem 38).
Proof:

(2sa — 2 — 2¢)(2sa — 3) ((B—2)K — 2)((k — 2)K — k)
(2sa —3 —2a)(2sa —4) ({(B—2)K —k—2)((k— 2)K— 2k)

Also
log Gy < logcys + log 3 = (k — 1) log k + az(k — 2)k2*/G=2 /(2k) 4 log 3
< (k—1)log &+ 7(log 2)k%/3 + log 3

< 2 (by (2))-

< (k — 2)4 log A4, (m = 2k)
< 4 log G4 < log Gys.
Therefore

log Gos < (25 + 2) log 2 + (25 — 2) log Gy + 2 log G1s
< .(28 + 2) log 2 + 2s log Gis
< 2s(k — 3/2)A4 log 4.
as in (Gs,).
(Gs1) G < 25G A (Theorem 39).

Proof:

Gs1 = (2m + 1)2H2UHHAGA < (27 + 1)235/39G A < 25GA.

Gss) log Gss < 2s(k — 3/2)A log A, (Theorem 40).
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Proof:
2s — K)§ — (2s — 3K 2s — K + 2K3
@ — K6 = (25 = 3K) (by (21))
(2s — K)o — (2s — 2K) 2s — K
—2)K+ 2k —- K+ 2K3 k—3)K 4+ 2K* 3+ 2K?
é(k; K+ + <( K + < + < 2K3 = 23%1,
(k—2)K+2k—-K (k- 3)K 3
Hence
Gy < 234+1H3-1GH
log Gss < 2s log Gs1 + (254 + 2k) log 2
< 254 log G4 + 2s log Ges + (254 + 2k) log 2
< 2s(k — 3/2)A4 log A4,,
as in (Ga).

G) log Gy < ((2s — 4)(k — 3/2)A + 1) log A, + log 10 (Theorem 41).

Proof: Consider first Gio. We have
log Gio < 25 log Gy + (2sa + k& — 1) log 2 4 log 3
< 254 logGy+ (2sa + k — 1) log 2 + log 3
by the proof for (Gs), and then as before
log Gio < 2s(k — 3/2)A log A,.
Also,
(2s —4)(k—3/2)A+1=2s(k—3/2)A+1—44(k — 3/2) > 2s(k — 3/2)A.
Hence
Gy = 2(Gw + Gis + Gay + Gzs + Gss)
< 10 max (Gio, G1s, Ga4, Gzs, Gss),
log Gy < ((2s — 4)(k — 3/2)4 + 1) log 4, 4 log 10.
4y) log A¢ < ((2s — 4)(k — 3/2)4 + 1) log A1 + log 22 (Theorem 41).

Proof:

A4 = 2Gy + 2(I'*(1 + a)/T'¥(sa))(sa/(sa — 1))3(2sa/(25a — 1))%’1;6"“"1"(.90)
< 2Gy + 8632 < 26y + 8¢t (Gra/3)* (by (G2s))
< 2G1 + G%) < 2(Gr + Gu) < 2(10 max G, - -+ , Gss) + Ga)
< 22 max (Gu, * - - , Gss),

log 44 < ((2s — 4)(k — 3/2)4 + 1) log 4, + log 22.
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(c100) cioa = (I'*(1 4 a)/T%(sa))biv$ (Theorem 43).

(c108) Cros = C1042272%¢ (Theorem 43).

(Ces) | log Ces = log A4 + log (1/¢10s) (Theorem 43).

(Ces) log Ces < ((2s — 4)(k — 1)A + 1) log A4, (Theorem 43).
Proof:

log Ces = log Ces + log 3 = log 44 + log (1/c10s) + log 3
< ((2s — 9)(k — 3/2)4 + 1) log'4; + (2sa — 2) log 2 + 2 log I'(sa)
— 2slog I'(1 + @) + 2 log-(1/bs) + 2 log (1/vs) + log 66

< ((2s—4)(k—3/2)4 +1)log A+ (s — 2)A log 4 (M
s og A1+ (s 2 vy

2 log I'(sa) 2s log 2
(s —2)Alogd, (s — 2)Alog 4,
2log (1 + 12¢) log 66
(s —2Alogd;, (s — 2)4 log A;>°

As before each of the terms of the coefficient of (s—2)4 log 4, is <1/6 when
m>2k+S5. Since

m>17=2k+5 when k=6, 71 >33>19=2k+ 35 when k=7,
m> 28> 28435 when £ = 8,

we have

log Ces < ((2s — 4)(k — 3/2)A + 1) log A1 + (s — 2)4 log 4,.
(c109) Cigg = 272071 (Theorem 44).
(c110) Ci1p = 3%.2k+1(2e — 1)~k (Theorem 44).
(c1n1) cin = 27179(2¢ — 1) (Theorem 44).
(Cn) log (1/Cn1) = (k — 1) log A1 + log (1/c109) (Theorem 44).

(Bis) log (1/By) < (2s —4)Alog A, + (k — 1) log A1  (Theorem 44).
Proof:
log (1/By) = (s — 2) log (2/c111) + log (1/Cx)
= (k—1)log A, + (s — 2) log (22+¢/(2¢ — 1)) + (26 + 1) log 2
(s = 2) log (2*+2/(2¢ — 1))
(25 — 4)4 log 4,

=(k—1)logd,+ (2s — 4)Alog 4,

(2a + 1) log 2 )
(2s — 4)A4 log 4, )
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As before the coefficient of (2s—4)A4 log 4, is <1 and thus
log (1/By) < (2s — 4)A log A + (& — 1) log 4;.
©) log C < 20k%2n (Theorem 46).

“Proof:
log C = k2*3(log Ces + log (1/Bis))

< k2%-3((2s — 4)kA + k) log A,
< 9R23((25s — 4)kA + B)ei2m (by (41))
< 20k32m (by (2) and (17)).
9. Proof of the main theorem. We prove the following
THEOREM. We have

g(%) é[%<H+FD+Q+E

+(@+r+o- By +arED+ R))m)] +1,

—  g(k)
lim
k= k 2k—1

A

1
5
By Theorem 46 every integer =C is a sum of s, kth powers when
So 2 5+ s,
so2 (H+ A4+ (1 —a)yr)k2%2%,)(1 — De;) '+ 2+ 4+ ¢
= (Hn+ 1+ (1 —a)=2)k2%2 + (9 — D)(6 + £&))(m — D)1,
(50) so= ((H+ Q)+ R)(m — D).
Also, by Theorem 50 every integer <C is a sum of s, kth powers if
So = S3+ 54,
so = 53+ (log log C — log (log L — k log k))(log & — log (k — 1))7*
= s34+ (3 log k& + log 20 + 7, log 2 — log (logL — k log k))
X (log k — log (k — 1))7! (by (©)),
(51) so2 Fm+ E.
The right members of (50) and (51) are equal when

(52) m=(H+FD+Q—E+<(H+FD+Q—E)’
+ 4F(ED + R)) m) (2F)?
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and then every integer is a sum of s, kth powers 20 when
1/3
$0 > — (H +FD+Q+ E+ ((H + FD + Q —E)* + 4F(ED + R)) )

It remains to show that this choice of #, satisfies the condition (17). Since
E>2* we have ED+R>0 and thus

m > (H+FD + Q — E)F!,
(53) m—D>(H+Q— E)F.
Also,
H+Q—E=(k—2)2"2+k+ 6+ i — 53
— (3log & 4 log 20 — log (IégL — klog k))(log & — log (k£ — 1))!
> (k—=2)22+ k4 6+ ¢k — 2%

(3)+:G)+()+G)+=5—-2)
2 3 3 2 9

— (3log & + log 20 — log (log L — klog k))(log k — log (k — 1))7!
=(k—0621+k+ 6+

-(()+2(5)+:G)+()+75-2)

— (3log & + log 20 — log (log L — klog k))(log k — log (k—1))"1;

and

= log 2(log ¥ — log (k — 1))~1.
Hence (H+Q— E)F-!—2%3 is an increasing function of & which is positive
when k=7 so that

(H+Q— E)F-1 — 2320
for all k2 7. Then from (53)

m— D = 253

for all £=7. When k=6 direct substitution in (52) yields 7, >17.

To obtain the values of g(k) which are given in the introduction we re-
quire the following:
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Every integer from to is a sum of
11.2¢ 12.2¢ 39 6th powers
25-274+6-37 26-2746-37 58 7th powers
25-2849.33 26-2849.38 120 8th powers‘
38-2° 39.2° 285 9th powers
57.210 58.210 737 10th powers

By repeated application of Theorem 47 as indicated in the proof of Theorem
48 we obtain the following values for L and ss.

Every positive integer < ‘ is a sum of
101798 73 6th powers
101948 143 7th powers
103920000 279 8th powers
101" 548 9th powers
10w 1079 10th powers

CALIPORNIA INSTITUTE OF TECHNOLOGY
PAsADENA, CALIF.



